Solutions to Exercises

For many of the exercises, drawing a diagram will be found extremely helpful.

Chapter 1

1.1 (i) The triangle inequality.
Letx = (x1,...,x,) and y = (y1, ..., ¥n). Then

n n n n
P =) iy =) 7 +2) xyi+ Yy
i=1 i=1 i=1 i=1
n n 12/ 172 n
3 a(ye) (24) 42
i=1 i=1 i=1 i=1
n 12 n 172\ 2
= (Zx?) +(Zy?) = (x| + [y)?
i=1 i=1

where we have used Cauchy’s inequality.
(i1) The reverse triangle inequality.

Write y =z —x so x =z —y. Then (i) becomes |z| < |z — y|+ |y| or
|z| — |y] < |z — y|. Interchanging the roles of y and z we also have |y| —
lz| < |y —zl = |z — y|. Thus |[|z| — |y|| = max{|z| — |y, |y| — |z]} < |z —
y|, which is the desired inequality.

(iii) Triangle inequality - metric form.
We have
x—yl=lx -2+ G@=MI=Ix—zl+lz—yl

using triangle inequality (i).
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Solutions to Exercises

Let x € Agys. Then there exists a € A suchthat |x —a| <8+ 8. Ifx = a,
then clearly x € (As)s. Otherwise let y be the point on the line segment
[a, x] distance § from a. Thus y =a+§(x —a)/|x —al, so |y —al =
S|x —al/lx —al =46, so y € As. Moreover, x —y=x —a—8(x —a)/
x—al=x—a)[l=§8/|x —al|l,solx—y|=|x—a|—8<8+8 —6=
8'. As y € A5, x € (As)s, 50 Asiy S (As)y.

Now let x € (As)sy. We may find y € As such that |x — y| < &, and then
we may find a € A such that |y — a| < §. By the triangle inequality, Exercise
1L1Gi), |x —al < |x —y|+ |y —a| <8 + 38, sox € Asys. Thus (As)g <
A5+5/. We conclude (Ag)g/ = A5+5/.

Let A be bounded, that is A has finite diameter, so SUPy yea x —yl=d <
oo, where d is the diameter of A. Let a be any point of A. Then for all
x€A, |x—al<d,sothat |x| =|la+ (x —a)| <l|a|+ |x —al| <|a|+d,
using the triangle inequality, Exercise 1.1(i). Thus, setting r = |a| + d, we
have x € B(0, r). We conclude A C B(0, r).

If ACB@O,r) and x,y € A, then |[x —y| < |x|+ |y| <r+4+r =2r, so
diam A < 2r, and in particular A is of finite diameter.

(i) A non-empty finite set is closed but not open, with A=A, andintA = @.

(ii) The interval (0, 1) is open but not closed, with (0, 1) = [0, 1] and
int(0, 1) = (0, 1).

(iii)) The interval [0, 1] is closed but not open, with [0, 1] = [0, 1] and
int[0, 1] = (0, 1).

(iv) The half-open interval [0, 1) is neither open or closed, with [0, 1) =
[0, 1] and int[0, 1) = (O, 1).

(v) The set A = {0, 1, i %, %, ...} is closed but not open, with A = A and
intA = Q.

Following the usual construction, the middle third Cantor set may be written
F = ﬂ}fio Ey, where Ej consists of the union of 2¥ disjoint closed intervals
in [0, 1], each of length 37k. For each k, Ey is closed since it is the union of
finitely many closed sets. Since the intersection of any collection of closed
sets is closed (see Exercise 1.6), we conclude that F is closed. F is a subset
of [0, 1] so it is bounded, and hence F is compact.

To show that F is totally disconnected, suppose x, y € F with x < y. Then
we can find an Ej such that x and y belong to different intervals [a, b]
and [c,d] of Ex with b < c. Let b < p < c¢. Then F is contained in the
union of the disjoint open intervals (—1, p) and (p, 2), with x € (—1, p)
and y € (p, 2). Thus F is totally disconnected.
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1.6

1.7

Since F is closgi, F = F. Since F contains no open interval, intF = @,
and thus 0F = F\intF = F.

Let {A; : i € I} be a collection of open subsets of R” and let A = | J;; Ai.
If x € A, then x belongs to one of the sets, A, say. Since A; is open, there
exists 7 > 0 such that B(x,r) C A; C A, and hence A is open.

Now let {A1, Az, ..., A} be a finite collection of open subsets of R" and
let A= ﬂf-‘zl A;. If x € A, then x belongs to each of the open sets A; and
hence, for each i = 1, ... , k, there exists r; > 0 such that B(x,r;) C A;.

Letting r = minj<;<x r; > 0, then B(x,r) C B(x,r;) C A; for all i, so that
B(x,r) C A and hence A is open.

Let A C R" and let B = R"\ A be the complement of A. First assume that
B is not open. Then there exists x € B such that, for every positive integer
k, the ball B(x, 1/k) is not contained in B and we may choose a sequence
xx € B(x,1/k)\ B, so x;y € A and x; — x ¢ A, so A is not closed. Thus
if A is closed then B must be open.

Now suppose that A is not closed so that there exists a sequence of points
X € A with x; — x € B = R"\ A. It follows that, for every r > 0, there is
some x; € B(x,r)\B so that B(x,r) ¢ B, giving that B is not open. Thus
if B is open then A = R"\ B must be closed.

Now let {B; : i € I} be a collection of closed subsets of R” and let B =
(ies Bi- Each of the sets A; = R"\B; is open. Thus

A= U A = U(R”\B,-) =R"\B

iel iel
is open and hence B is closed.

Similarly, if {B; :i =1, ..., k} is a finite collection of closed subsets of
R"” and B = U;‘:] B;, then each of the sets A; = R"\ B; is open and hence

k k
A= ﬂ A = ﬂ(R”\B,-) =R"\B

i=1 i=1
is open so that B is closed.

Recall that a subset of R" is compact if and only if it is both closed and
bounded. Exercise 1.6 showed that the intersection of any collection of
closed subsets of R” is closed. Thus, if Aj D Ay D --- is a decreasing
sequence of non-empty compact subsets of R” then A = (|72 A is cer-
tainly closed. It is also bounded, since it is a subset of A; which is bounded,
so A is compact.
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To show that A is non-empty we argue by contradiction. Suppose that
Mie Ak = @ so that R" = R"\ (72, Ax = Upe(R"\Ag). Then A; C
U,foz1 (R"\ Ag). Since A; is compact, it follows that A; is contained in the
union of finitely many of the open sets R\ A;. Since R"\A; C R"\A; C

-+, it follows that A} C (R"\Ax) for some k. This is impossible, since
Ay C Ay and Ay # @, for each k.

The half-open interval [0, 1) is a Borel subset of R since, for example,
[0,D) =[0,2]N (-1, D).

where [0, 2] is closed and hence a Borel set and (—1, 1) is open and hence
a Borel set.

Let Ag be the set of numbers in [0, 1] whose kth digit is 5. Then Ay is
union of 10K~ half open intervals, so is Borel. Then

o0 o0
F=NUA
j=1k=j

as x € F if and only if x € Ay for arbitrarily large k. Thus F is formed as
the countable intersection of a countable union of Borel sets, so is Borel.

Let x = (x1, x2), ¥y = (31, ¥2), a = (a1, az). We may write the transforma-
tion S as

S(x1,x2) = (cx1cos0 — cxpsinf + ay, cxysinf + cxp cosd + ap)
)

1SGx1, x2) = SO1, y2)I?

=c?|((x1 — y1) cosf — (xa — y2) sin 6, (x; — y1) sin@+(x2 — y2) cos 0)[*
=c((x1 — y1)? cos? 0+ (x2 — y2)?) sin? 0 —2(x1 — y1)(x2 — y2) sinf cos 6
+c?((x1 — y1)? sin? 0+ (x2 — y2)?) cos® +2(x; — y1)(x2—y2) sin6 cos 6
= A ((x1 — YD)+ (2 — ) =2 (x1, x2)— (1, )

using that cos26 + sin>6 = 1. Thus |S(x) — S(y)| =c|x — y|, so § is a
similarity of ratio c.

Note that CPSQ —sin® Y gives the vector 1l rotated
sinf cos@ X2 X2

about the origin by an anticlockwise angle 6. Thus the geometrical effect
of the similarity § is a dilation about the origin of scale ¢, followed by a

rotation through angle 6, followed by a translation by the vector ( Z; )
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1.11 (i) Since sinx — sin0 =0 as x — 0, we have

lim, ,,sinx = limy_,¢sinx = lim sinx = 0.
x—0

(i1) We know that
—1 <sin(1/x) <1, forx >0
so that
—1 < lim,_,,sin(1/x) < lim,_osin(1/x) < 1.
Moreover, foreachn =1,2, ...,

sin(1/x,) =—1, forx, =1/2n+3/2)r — 0

and
sin(1/y,) =1, fory, =1/2n+1/2)x.
Thus o
lim,  osin(1/x) < —1 and limy_¢sin(1/x) > 1,
so lim,_sin(1/x) = —1 and lim,_osin(1/x) = 1.

(ili) We have |x? 4 x sin(1/x)| < |x?| 4+ |x| = 0 as x — 0. Thus

lim,_,,(x* + (3 4 x) sin(1/x)) = lim, _, o(x” + x sin(1/x))
+ lim _, 3 sin(1/x)
=0-3=-3

using part (ii). Similarly

lim, o (x* + (3 + x) sin(1/x)) = lim,_o(x* + x sin(1/x))
+ lim,_, 03 sin(1/x)
=0+43=3.

1.12 If f, g : [0, 1] — R are Lipschitz functions, then there exist ¢y, co > 0 such
that

[f(x) = fOI <cilx —y| and |g(x) —gW)| < cz2lx —yl (x,y € [0, 1]).
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It follows that
|f()+g(x) = (fO)+8ONI = 1f(x) = fFOI+ [g(x) — (V)]
<(ci+c)lx—yl (x,yel0,1D
and so the function defined by f(x) + g(x) is also Lipschitz.
For x,y € [0, 1],
[f)g()—fMgWI=1f(x)gx)—f(g)+ f(»gx)—f (gl

SfXgE)—fMg@I+1f(Megx)—f (gl
=g f @) —=FOWIF+IfFDMIgx) =g

Moreover, for x € [0, 1], we have | f(x)— f(0)| <ci|x| <cy, so that | f(x)|
< |f(0)] 4 c1 = ¢}, say. Similarly |g(x)| < c/. Thus

|f()gx) = FMegWI < I x) = FOD + lerllg(x) — g
< (c1c} + cach)x — y|
so f(x)g(x) is Lipschitz.

Given x, y € R with y # x, it follows from the mean-value theorem that
there exists a € (y, x) or a € (x, y) with

f@& =10 _
X =Yy
Thus
‘f(x)_f(y)‘ =|f’(a)| <c
X =Yy
and hence

lfG) = fOI <clx =yl (x,y €R)
so that f is a Lipschitz function.

If f: X — Y is a Lipschitz function, then

[f(x) = fODI <clx -yl (x,y€eR),

for some ¢ > 0. Thus, given € > 0 and y € R, it follows that | f(x) —
()| < €, whenever

clx —yl <e,
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1.15

1.16

1.17

1.18

that is, whenever
[x —y| < €/c.

So, on taking § = €/c > 0, it follows that f is continuous at y, using the
‘epsilon-delta’ definition of continuity.

Note that if y = f(x) = x% + x, then solving the quadratic equation for x,
we get x =1 (—12(1 + 4y)!/?), taking real values only. Thus (i) f~!(2) =
(=2, 1}. (i) f~1(=2) = @. (iii) As y increases from 2 to 6, (1 + 4y)!/2
increases from 3 to 5, so x runs over two ranges [1, 2] and [—3, —2]. Hence
712, 6) =[-3, -21U[1,2].

ForO0<x,y <2,
|f @) = fFO)] =122 = y? = lx + yllx = y| < 4]x — |
so f is also Lipschitz on [0, 2].
Thus f is also Lipschitz on [1, 2], with f([1,2]) =[1,4].For1 <x,y <4,

lF ) — £ o0l = WX — U |

7=
===y
X+ .yl T2
so f~!is Lipschitz on [1, 4], so f is bi-Lipschitz on [1, 2].

For x > 0,

|f2x) = f)] 4 =52

[2x — x| X

= 3x.

Thus | f(x) — f(y)|/|x — y| is not bounded on R so f is not Lipschitz
on R.

We use the ‘open cover’ definition of compactness. Let E be compact, f
continuous, and f(E) C |JU;, a cover of f(E) by open sets. Since f is
continuous, the sets f_l(Ui) are open, so £ C | f_](Ui) is a cover of
E by open sets. By compactness of E this has a finite subcover, say E C
U, f~ Uiy, so f(E) € U™, Uiy, which gives a cover of f(E) by
a finite subset of the U;. Thus f(FE) is compact.

We take complements in Aj. Thus A \ Az, A \ A3, ... is an increasing
sequence of sets, so by (1.6)

m (A1 \ ﬂm) =p <U<A1 \Ai)) = lim (A1 \ Ap).
i=1 i=1

Since p(A1) < oo, this gives w(A1) — u (N2 A1) = limjoo(n(A)) —
w(A)) = p(Ay) = limj oo (A, 50 w1 (2] Ai) = lim; o0 n(A)).
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We show that p satisfies conditions (1.1)—(1.4) and is hence a measure.
First, since a ¢ @, w(@) = 0 and thus (1.1) is satisfied.

Secondly, suppose that A C B. If a € A, then a also belongs to B and
hence w(A) = u(B) =1.If a ¢ A, then u(A) = 0 < w(B). Thus, in both
of the two possible cases, (1.2) is satisfied.

Finally, suppose that A, A,, ... is a sequence of sets. If a ¢ A;, for each
positive integer, then a ¢ [ J72| A; so that

w <U A,-) =0=) u(A).
i=1 i=1

On the other hand, if a € A, for some integer j, then a € Uf’il A; so that

n (U Ai) =1=p(A)) <) uA.
i=1 i=1

If the sets A; are disjoint, then a ¢ A; for i # j so that u(A;) =0 for
i # j and hence

n <U Ai) =1=) A
i=1 i=1

Thus, in both of the two possible cases, (1.3) and (1.4) are satisfied.

With the construction of the middle third Cantor set F as indicated in figure
0.1, the kth stage of the construction Ej is the union of 2k intervals each
of length 37%, with Eg D Ey D E2 D ... and F = (2, Ex.

Define a mass distribution p by starting with unit mass on Ey = [0, 1],
splitting this equally between the two intervals of Ej, splitting the mass on
each of these intervals equally between the two sub-intervals in E», etc.
Thus we construct a mass distribution @ on F by repeated subdivision,
splitting the mass in as uniform a way as possible at each stage. For each
interval / in E; we have u(I) = 27X, and this allows us to calculate the
mass of any combination of intervals from the Ej and defines u on every
subset of R.

For all € > 0, @ C [0, €] so £L1(@) < £1([0, €]) = €. This is true for arbi-
trarily small € > 0, so £L(@) = 0, as required for (1.1).

Let A C B. Given € > 0 we may find a countable collection of intervals
[a;, b;] such that A C B C U?il[ai, b;] with Z?il(bi —aj) < ﬁl(B) + €.
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It follows that £1(A) < £1(B) + € for all € > 0, so that £'(A) < £1(B)
for (1.2).

For (1.3), assume that £ (A;) < oo for each i, since the result is clearly true
otherwise. For each e > 0 andi =1, 2, ..., there exist intervals [a; ;, b; ;]
such that

o0 00
€
A; C U[ai,j,bi,j] and Z(b’lj —ai ) < El(Ai) n =

Jj=1 j=1

Clearly [J;Z, Ai € U2, U5 lai . bij]1 and so
o0 o0 00 00 . ~

c! (U Ai) Szz(bi,j - Cli,j)fz (»Cl(Al‘) + 5) ZZ’CI(AI') te
= i=1s=1 i=1 i=1

It follows that (1.3) holds.

We begin by showing that p satisfies conditions (1.1)—(1.4) and is hence a
measure.

First,
w(@) = L'{x: (x, fx) e @) =LY @) =0

and so (1.1) is satisfied.

Second, if A C B, then {x : (x, f(x)) € A} C {x : (x, f(x)) € B} and so,
since £! is a measure,

w(A) =L ({x: (x, f(x)) € A) < L' ({x : (x, f(x)) € B}) = u(B)

so that (1.2) is satisfied.

Finally, if A, As, ... is a sequence of sets, then, since £ is a measure,

(Un) e (s aUn)

=r! (U{x t(x, f(x) e A,~}>

i=1

<D LMxx, fO) € A =D u(A)
i=1

i=1
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so that (1.3) is satisfied. If the sets A; are disjoint Borel sets then, since £l
1S a measure,

(Un) e (s eUn)

=l <U{x (x, f(x)) € A,'})

i=1
=Y L'x:(xn f)) € A =) u(A)
i=1 i=1
so that (1.4) is satisfied.

Thus p is a measure on R?. We now show that p is supported by the
graph of f. We begin by noting that, since [0, 1] is compact (that is, closed
and bounded) and the map F defined by F(x) = (x, f(x)) is continuous,
then the graph of f which is equal to F ([0, 1]) is also compact and hence
closed. Clearly,

u(R*\graph f) = £'({x : (x, f(x)) € R*\graphf}) = L' (@) =0.
Now leta € [0, 1] and let r > 0. Since f is continuous, a belongs to a non-

trivial interval I, C [0, 1] such that, for each x € I, we have (x, f(x)) €
B((a, f(a)),r) and hence

w(B((a, f(@),r) = L' ({x : (x, f(x)) € B((a, (@), N} = L (I,) > 0.

Thus graph f is the smallest closed set X such that w(R?\X) > 0; that is,
graph f is the support of w.

Finally,
p(graphf) = £1([0, 17) = 1

so that 0 < u(graphf) < oo and hence p is a mass distribution.

For positive integers m, n define sets

Apn = {xeD:|fk(x)—f(x)| <%f0rallk2n}.

For each m the sequence of sets A, 1 C A2 C Ap2 C ... is increasing
with UEO:1 Apn = D, so by (1.6) there is a positive integer n,, such that
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1.24

1.25

1.26

1.27

w(D\A,.») < 27™e for all n > n,,. Define A = ﬂ;ozl Ayn,- Then

IHDMQSM(LJDMWM)EE:ggEQ
m=1

m=1
Lets > Oandtakem > 1/6.If x € A, thenx € Ay, p,,, 50 | fi(x) — f(x)] <
% < § for all k > ny, so fr(x) = f(x) uniformly on A.

Forn=1,2,... let D, ={x : f(x) > 1/n}. Then
1 1

0=f fduzf —xp,dn = —pu(Dp),
D pn n

since %XD,, is a simple function. Thus wu(D,) =0 for all n. Since {x :
fx) >0} = U;’il Dy, it follows that u{x : f(x) > 0} = 0, thatis f(x) =
0 for almost all x.

E((X —E(X))?) = E(X? —2XE(X) + E(X)?) = E(X?) — 2E(X)E(X)+
E(X)? = E(X?) — E(X)%.

The uniform distribution on [a, b] has p.d.f. f(u) =1/(a —b) fora <u <
b and f(u) = 0 otherwise. Thus

b b
EX)=(@—-b"" f udu = (a — b)~! [%uz]

— 2 )/ —a) = 5@ +D)
=3 a“)/ a =3 a .
b b
E(Xz) = (a — b)_lf w’du = (a — b)_1 [%u3:|
13 3 1 5 2
= 3(0° ~a))/(b—a) = 5@ +ab+ 1),
Thus

var(X) = E(X?) — E(X)* = %(a2 +ab + b?) — %(a +b)?

1 2 2 1 2
=—(a"—2ab+b°)= —(a—b)".
12(a ab + b*) 12(61 )

Define random variables X by Xz =0 if w ¢ Ay and X; =1 if w € Ag.
Then Ny = X1+ --- + Xk, so by the strong law of large numbers (1.25),
Ni/k — E(Xi) = p. Thus taking Ay to be the event that the kth trial is
successful, Ni/k is the proportion of successes, which converges to p, the
probability of success.
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1.28 With X; =1 if a six is scored on he kth throw and O otherwise, and

Sy = X| + -+ X as the number of sixes in the first £ throws, X has

2 2
mean m = é and variance o2 = % (%) + % (é) = 35—6. By (1.26)

S — 1000
P(S; > 1050) = P —zﬁ)
(S ) («/—5/36«/6000

/oo ! ( L) du = 0.075
~ —¢X —_— u = u. .
V3 N2 P\™2

Chapter 2

2.1

22

23

Put

ﬂ;(F) =inf [Z |U;|* : {U;} is a 8-cover of F by closed sets} .
i

Since we have reduced the class of permissible covers by restricting to
covers by closed sets, we must have ﬁ;(F ) > H3(F). Now suppose that
{U;} is a 8-cover of F. Since the closure U; of U; satisfies |U;| = |U;|,
it follows that {U;} is a 8-cover of F by closed sets with ) ; |U;|* =
> i U;I°. Since this is true for every §-cover of F, it follows that ﬁ;(F ) <
H;5(F). Thus WE(F) = H;5(F) for all § > 0 and so the value of H*(F) =
lims_,o H3(F) is unaltered if we only consider §-covers by closed sets.

Suppose that {U;} is a §-cover of F. For any set U; in the cover we have
|U;|° = 1 and so > Ui 19 is equal to the number of sets in the cover. Thus
Hg(F ) is the smallest number of sets that form a é-cover of F.

If F has k points, x1, x2, ... , Xk, then the k balls of radius §/2 with centers
at xy,x2,...,x; form a é-cover of F and so Hg(F) < k. Moreover, if
8 > 0 is so small that |x; — x;| > & for all i # j, then any §-cover of F
must contain at least k£ sets and so ’Hg(F ) > k. So, for § small enough, we
have HJ(F) = k and hence HO(F) = lims_.o Hy(F) = k.

Finally, if F has infinitely many points, then for each positive integer k, we
can take a set F, C F such that Fy has k points. Then HOF) > HO(F) =k
for all k, so HO(F) = oo.

Clearly, for every 0 < € < §, we may cover the empty set with a single set
of diameter €, so 0 < H5(D) < €’ for all € > 0, giving H3(D) = 0. Thus
HY(F) = lims o H3(F) = 0.

If E C F, every §-cover of F is also a §-cover of E, so taking the infimum
over all 8-covers gives Hy(E) < Hy(F) for all § > 0. Letting § — 0 gives
Hs(E) < Hs(F).
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Now let Fy, F3, ... be subsets of R". Without loss of generality, we may
assume that Z;’ing(F,-) <oo. Fore>O0let {U;;:j=1,2,...} be a

d-cover of F; such that Zfo U IP < H5(Fy) + 27%¢. Then (Uj:i=

1,2,...,j=12,. }1sa8coverofU ~, Fi and

Since this is true for every € > 0, it follows that

o0 o o
H%gyﬁ=g%%<gﬂ>52}mw

as required.

2.4 Note that in calculating Hj([0, 1]) it is enough to consider coverings by
intervals.

If 0 <s < 1 and {U;} is a §-cover of [0, 1] by intervals, then
LY U= Y (U0 <87 Y (Ul
i i i

Hence H3([0, 11) > 8°~1, so letting § — 0 gives H*([0, 1]) = oo

For s > 1, we may cover [0, 1] by at most (1 + 1/§) intervals of length
S, SO

H3([0,1D) < (1 +1/8)8" - 0

as § — 0, so H5([0, 1]) = 0.

For s = 1, if {U;} is a §-cover of [0, 1] by intervals, then 1 < Zi |Ui1, so
HL([0, 1]) > 1, and letting § — 0 gives H'([0, 1]) > 1.

Taking a cover [0, 1] by at most (1 4 1/6) intervals of length §,
HA0,1]) < (1 4+1/8)8 — 1

as 8§ — 0, so H!([0, 1]) > 1. We conclude that ([0, 1]) = 1.
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2.5

2.6

2.7

Solutions to Exercises

First suppose that F is bounded, say F C [—m,m]. By the mean value
theorem, for some z € [—m, m],

z€[—m,m

1fG) = fDI =1 @llx =yl < ( sup ]If/(Z)|> lx =yl

Since f’(z) is continuous it is bounded on [—m,m]. Thus f is Lips-
chitz on F, so dimy f (F) < dimy(F) by Corollary 2.4. For arbitrary F C
R, f(F) = Uf;lo:l f(F, N[—m,m]), so by countable stability

dimy f (F) = supdimy f (F, N [—m, m]) < supdimy(F, N [—m, m])

< dimgF,
by the bounded case.
Let F, = FN[1/k,k]. If x, y € Fy, then

1fx) — FO) = 2% = ¥ = |x — yllx + V]

and so

2

XY= 1) = fO = 2kix — vl
Thus f is a bi-Lipschitz map on Fj and so, by Corollary 2.4, dimg f (Fy) =
dimy Fy. Similarly, if Gy = F N [—k, —1/k], then dimy f (G) = dimpGk.

Now F = (FN{0HUUZ,(FrUGy) and f(F)= f(FN{0hUp,
(f(Fr) U f(Gg)). Since F N {0} and f(F N {0}) contain at most one point,
they both have zero dimension. Thus, by countable stability,

dimyg F' = sup{dimy Fy, dimgGy : k = 1,2, ...}
= sup{dimy f (Fy), dimyg f(G¢) : k = 1,2,...} = dimyg f (F).

[Note that this result is not true for box dimension. For example, using
Example 3.5 and Exercise 3.11 we see that dimp f(F) # dimgpF when
F={0,1,% 3 ...}

Define g : [0, 1] — graphf by g(x) = (x, f(x)). We claim that g is bi-
Lipschitz. For:

lg(x) —gWMIP = Ix =y + 1 f(x) — FI?
SO
x =y <lg) —gMPP <lx —yP+Fx —yP=A+ADx -y

since | f(x) — f(y)| < c|x — y| for some ¢ > 0. Thus g is bi-Lipschitz, so
1 = dimy ([0, 1]) = dimpug([0, 1]) = dimpgraph f.
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2.8

29

2.10

2.11

2.12

Both {0,1,2,3,...} and {0, 1, %, %, ...} are countable sets, so have Haus-
dorff dimension 0.

Note that F' splits into 9 parts F; = F N [i/10, (i + 1)/10] fori =0, 1, 2, 3,
4,6,7,8,9, these parts disjoint except possibly for endpoints which have
s-dimensional measure 0 if s > 0. It follows from Scaling property 2.1 that,
for s > 0, H(F;) = 107*H*(F) for all i. Summing, and using that F is
essentially a disjoint union of the Fj, it follows that, for s > 0,

H((F)= Y HE)=9x107H (F).
i=0,1,2,3,4,6,7,8,9

If we assume that when s = dimygF we have 0 < H%(F) < oo, then, for
this value of s, we may divide through by H*(F) to obtain 1 =9 x 107°
and hence s = dimgF =log9/1log10 =0.954....

Note that, fori, j =0,1,2,3,4,6,7,8,9 the sets F N ([i/10, (i +1)/10] x
[j/10, (j + 1)/10]) are scale 1/10 similar copies of F. By the addition and
scaling properties of Hausdorff measure,

H(F) =Y H'(F N ([i/10, (i + 1)/10] x [j/10, (j + 1)/10])
i j#5
=92 107" H* (F),

provided 0 < H*(F) < co when s = dimgF, in which case 1 = 9210,
giving s = 2log9/log 10 = 1.908......

The set F comprises one similar copy of itself at scale %, say Fp, and four

similar copies at scale %, say F1, F», F3, F4. By the additive and scaling
properties of Hausdorff measure, noting that the F; intersect only in single
points,

S A ! S ] ’ s 1 : S
H(F) = H (Fo>+ZH(F,->=(§> N (F)+4(Z> O (F)
i=1

S
for s > 0. Provided 0 < H*(F) < oo whens = dimyg F, we have 1 = (%) +

4 (%)g . Thus 4 (%s>2 + (%)T — 1 = 0; solving this quadratic equation in
(%)b gives (%)Y =(-1+ ﬁ7)/8 as the positive solution, so s = (log 8 —
log(+/17 — 1))/ log2 = 1.357 ...

F is the union of countably many translates of the middle third Can-

tor set, all of which have Hausdorff dimension log2/log3, so dimgF =
log2/log3 =0.6309... using countable stability.
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2.13

2.14

2.15

Solutions to Exercises

F is the union, over all finite sequences ay, as, ... , a; of the digits 0, 1, 2,
of similar copies of the middle third Cantor set scaled by a factor 37 and
translated to have left hand end at O.ajay . ..ax, to base 3. Thus F is the
union of countably many similar copies of the Cantor set, so dimgF =
log2/log 3 using countable stability.

The set F is the union of two disjoint similar copies of itself, Fy, Fg,
say, at scales %(l — X). By the additive and scaling properties of Hausdorff
measure

s

| :
H(F) =H (FL) + H (Fr) =2 <5(1 — A)) HE(F)

for s > 0. Erovided 0 < H*(F) < oo when s =dimygF, we have 1 =2
(%(1 — A)) , giving that dimg F = log2/log(2/(1 — A)).

The set E is the union of four disjoint similar copies of itself, E, E», E3, E4,
say, at scales %(1 — A). By the additive and scaling properties of Hausdorff
measure

4 s
1 K
HY(F) = E HE(F;) :4(5(1 _)\.)) HE(F)
i=1

for s > 0. E’rovided 0 < H(F) < o0 when s = dimygF, we have 1 =4
(%(1 - A)) , giving that dimg F = log4/log(2/(1 — 1)) = 2log2/log(2/
(1=21)).

Take the unit square Eg and divide it into 16 squares of side 1/4. Now take
0 < r < 1/4, put a square of side r in the middle of each of the 16 small
squares and discard everything that is not inside one of these squares, to
get a set Ey.

Keep on repeating this process so that, at the k-th stage, there is a collec-
tion Ey of 16X disjoint squares of side rK. Then F, = (i Ex is a totally
disconnected subset of RZ, (If two points x, y are in the same component
of F,, then they must belong to the same square in E, forallk =1,2,....
Thus |[x — y| < «/Erk, foreachk = 1,2, ..., and hence |[x — y| = 0 so that

xX=1y.)
The set F, is made up of 16 disjoint similar copies of itself, each scaled

by a factor r, denote these sets as F, 1, ..., Fy16. It follows from Scaling
property 2.1 that, for s > 0,

16

16
HE) = 3 (F) = Y0P (Fy).

i=l1 i=1
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2.16

2.17

Assuming that when s = dimgF, we have 0 < H'(F,) < oo (using the
heuristic method), then, for this value of s we may divide by H*(F};) to
obtain 1 = 16r° and so s = dimyF, = —log16/logr. As r increases from
0 to 1/4, dimg F; increases from O to 2, taking every value in between.

A set consisting of a single point gives a totally disconnected subset of
R? of Hausdorff dimension zero. It remains to show that there exists a
totally disconnected subset of R?> of Hausdorff dimension two. For one of
many ways to do this, let G = U/?is Gy, where Gy = Fija—1/1 + (k, 0).
The sets Gy are disjoint and hence G is a totally disconnected subset of
R2, By countable stability, we have

dimHG= sup dimHsz sup dimH(F1/4,1/k)=2,

5<k<oco 5<k<oo

using that Gy is congruent to Fj/4_1/x, whose dimension tends to 2 as
k — oo.

Note that F is just a copy of the middle third Cantor set scaled by %n.
Thus dimg F =log?2/log3 = 0.6309....

We use the notation of Section 2.5. Let U; be a -cover of F. Then
Y h(UD = _(h(UiD/g(UD)U]) < n(®) Y g(IUil)
where 1(8) = supy_, <5 h(#)/g(t). Taking infima, Hg’(F) < n((S)HSg(F). Let-

ting § — 0, then n(8) — 0, and M5 (F) — HE(F) < oo, so HI(F) — 0,
that is H" (F) = 0.

Chapter 3

3.1

Suppose that F' can be covered by Ngs(F') sets of diameter at most §. Then,
by the Lipschitz condition, the Ns(F) images of these sets under f form a
cover of f(F) by sets of diameter at most ¢§. So, considering values of §
for which ¢é < 1, we have

— log N, F — log Ns(F
dimg f(F) = hmcg_)ow < hma_)oogi‘m
—logcé —logd —logc
—  log Ns(F -
Ty o8 M) G F
—logé

Note that we could replace upper limits by lower limits throughout the
above argument to get the corresponding result for lower box dimensions.
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32

Solutions to Exercises

Now suppose that f satisfies the Holder condition

|fG) = fOD] clx —y* (x,y € F).

Suppose that F' can be covered by Ns(F) sets of diameter at most §. Then
the Ns(F) images of these sets under f form a cover of f(F) by sets of
diameter at most ¢5“. Thus

log Nes« (f(F)) _ log N5 (F)

Jimp £ (F) = Tim,ge lims—p———————
imp f(F) = limege 0= o sa < Ms0 g S — Togc
1—  log Ns(F l—
— —lim3_>00g75() = —dimg F.
o —logé o

Again, a similar argument gives the result for lower box dimensions.

Let F be a subset of R”, let Ns(F) denote the smallest number of closed
balls of radius & that cover F and let Ng(F) denote the number of 5-mesh
cubes that intersect F.

For each §-mesh cube that intersects F, take a closed ball of radius 8./n
whose centre is at the centre of the cube; the ball clearly contains the cube
(whose diagonal is of length §,/n) and so Ny jm(F) < N§(F). On the other
hand, any closed ball of radius § intersects at most 4" §-mesh cubes and so
N§(F) < 4" Ns(F). Combining:

Nj z(F) < N5(F) < 4"Ns(F)
so that if §4/n < 1, then

log Ny s (F) - log N§(F) - log4" Ns(F)
—logéd = —logé = —logé

SO
log Ns 7 (F) - log N§(F) - log4”" + log N5(F)

—logd/n+logy/n — —logs ~ —logé

Taking lower limits as § — 0, so that also §./n — 0, we get that

log Ns(F) <1 logNé(F)], log Ns(F)

lim im im
=—=5—0 = ==—0" _ 10g5 =5—0

—logéd —logéd

so these terms are equal; in other words the value of the expression for
lower box-counting dimension is the same for both Ns(F') (using definition
(i) of lower box dimension), and Na/ (F) (using definition (iii)).

The correspondence of the two definitions of upper box dimension follows
in exactly the same way but taking upper limits.
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34

Let Ej denote those numbers in [0, 1] whose expansions do not contain
the digit 5 in the first k decimal places. Then F = ([}, Ex. Let Ns(F)
denote the least number of intervals of length & that can cover F. Let k be
the integer such that 107% < § < 107%~!. Since E; may be regarded as the
union of 9% intervals of lengths 107%, we get Ns(F) < 9, so

_— —  logNs(F) — log 9*
dimgF =1 —= <1 _
1mp mg—0—— logd — 1M — 00 — log 10—*—1
_ klog9 log 9
< limg_ oo o8 — 8

(k+1)log10 log10°

Now let 0 < § < 1 and let k be the integer such that 1071 < § < 107*,

Since any set of diameter § can intersect at most two of the component

intervals of Ej of length 107% and each such component interval contains

points of F, at least %9]‘ intervals of length é are needed to cover F. Thus

Ns(F) = 39, so

log Ns(F) . log %9"

- = h_mkeooi

—log$ —log 10—K+1

klog9 —log2  log9
i (k—1)log10  log10

We conclude that the box dimension of F exists, with dimg F' = log 9/ log 10.

dimg F = lim;_,

=0.954....

Let Ns(F) denote the smallest number of squares (that is, 2-dimensional
cubes) of side § that cover F. We will use the fact (see after Equivalent
definitions 3.1) that, if 8y = 4%, then

log Ny, (F
dimgF = lim &N (F)
k—oo —log i

if this limit exists.

It follows from the construction of F' shown in figure 0.4 that Ns, (F) < 4k
and so

k
log N5, (F) <Tm logd4® |

dimg F = lim — _=1.
1mp 1Mf— 00 “logdr - 1mk—>oolog4k

On the other hand, any square of side 8, = 4% intersects at most two of
the squares of side 8; in Ex. Since F meets every one of the 4% squares
which comprise Ej, it follows that Nj, (F) > %4", SO

. _ log N5 (F) _ log 34*
dimgF =1 >
dimg MYy 500~ logdr — My 00 log 4%
) klog4 —log?2
=limy g =

Thus dimgF = 1.
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3.6

3.7

Solutions to Exercises

Let Ns(F) denote the smallest number of sets of diameter at most § that
cover F and let §; = 37X, For each of the straight line segments that makes
up Ey, take a closed disc of diameter &, centred at the midpoint of the line.
There are 4% such discs and they cover F, so that (see Equivalent definitions
3.1 and comments following)

log Ns, (F) _ = log4* log 4

—logér ~ lmk_wolog 3k log3’

dimg F = limy, o
Now let Ns(F) denote the largest number of disjoint balls of radius §
with centres in F. The 4% straight line segments that make up Ej have
4% 41 distinct endpoints, each of which belongs to F. Balls of radius
1/3%*+! centred at these endpoints are mutually disjoint and so, putting

8k = 3~ *tD we have by Equivalent definition (v), that

. . log N5, (F) _ . log(4* + 1)
dimg F = h_mk%ongak > h_mkﬁoologw
log(4%) klog4  log4

i log4") _ - — 1.262.
= Moo ]0 3kl — M= 1) 10g3 | log 3

Let Ns(F) denote the smallest number of squares (that is, 2-dimensional
cubes) of side § that cover F. For k = 1,2, ..., the Sierpinski triangle F
can be covered by 3* squares of side 27 and so, putting 8 = 27X, we
have

log N5, (F) —  log3k log3
—— =<l = ——.

log2k  log2
Now let Ns(F) denote the largest number of disjoint balls of radius § with
centres in F. The top vertex of each of the 3F triangles in Ej belongs to F

and balls of radius 1/2¢*! centered at these vertices are mutually disjoint.
So, putting 8; = 2~**D  we have
log Ny, (F) _ log3*  log3

“logsr — H=®og 2kHT T og2”
Thus dimp F = log3/log2 =1.585....

di—mB F = mk_)oo
—log &y

dimg F = lim; _, .,

The middle third Cantor set has 2% gaps of length 37*~! fork = 0,1,2, .. ..
If %3_" <é§ < %3_1‘_1 the 8-neighbourhood fills the gaps of lengths 37%
or less, and has two parts of length § in the gaps of length 37%~1 or more.
Summing these lengths over all gaps, and noting that the parts of Fj at
each end of F have length &, gives

o0 k—1
L(Fs) = Zz"—13—" + 28 Zz"—l + 26
i=k i=1

2 k—1
(= 2ks
<3> *
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3.8

on summing the geometric series. Hence

2 k—1
2K < L(F3) <255 + (g) <4 x 2%

or
6181710g2/10g38 < L‘(F(s) S62(<5~171<){c>r2/10g3‘

Hence Proposition 3.2 gives that dimg F = log2/log 3

The idea is to construct a set such at some scales a relatively large number
of boxes are needed in a covering and at other scales one can manage
with relatively few. We adapt the middle third Cantor set by deleting the
middle 3/5 of intervals at certain scales rather than the middle 1/3. Thus
set k, = 10", forn =0,1,2,... andlet E = ﬂ/?io E, where Ey = [0, 1],
and

o for ko <k < ki, ky <k <ks,..., Eg is obtained by deleting the middle
1/3 of each interval in Ej_;

e forky <k <kp, k3 <k <ky,..., Ey is obtained by deleting the middle
3/5 of each interval in Ej_;.

We estimate the lower and upper box dimensions of E by estimating Ns(E),
the least number of closed intervals of length § that can cover E. (i) If n
is even, then Ej, is made up of 2% intervals of length

1 ki 1 ko—ki 1 kn—1—kn—2 1 kn—kn—1 1 kn—kn—1
Sa=(=) (= R (= - <(-= .
3 5 3 5 5

Taking these intervals as a cover

log N5, (E) .. log 2k
—logs, ~ Al o0 log Skn—kn—1
I ky log?2 I 10k,—1log2  10log?2
= lim — = ]im e .
= "7 ky —ky_)log5 T "7 9k,_1log5 9log5

dimgE <lim,_,

(i1) If n is odd, then Ej, is made up of 2k intervals of length

1 ki 1 ko—ki 1 kn—1—kn—2 1 kn—kn—1
5p = = Z AU Z
3 5 5 3
1 kn—l 1 kn_kn—l
> | = = .
(5) ()



22 Solutions to Exercises

Any interval of length §,, meets at most two of the intervals in Ey, and so,
since E has points in every interval in Ey,,

log Ns, (E) _ — log (2% /2)
= lmn_)oolog(sknfl:;kn_kn—l)

dimgE > lim,—,
—logé,

kylog2 —log2
kn—110g5 + (kn — kn—1) 10g 3
10k,—1 log2 —log?2
ky—1log5 + 9%k, _11log3
_ 10log?2 - 10log?2
log5+9log3 ~— 11log3

= lim, o

Since

10log2  10log2
<
9log5 11log3

dimg F < dimpE,
as required.
3.9 By monotonicity, ﬁB(E UF) > max{ﬁBE, ﬁBF}.

Let Ns(F) denote the least number of intervals of length § that can cover
aset F. Then Ns(E U F) < Ns(E) + Ns(F) < 2max{Ns(E), Ns(F)}, so

log Ns(E U F)
Tga
_ Olog(Z max{N;s(E), Ns(F)})

< lims_,

EB(E UF)= mgﬁo

—logéd

< lims_0

log Ns(E) log Ns(F) }

0g2 + lim,
im, max ,
5 =0 “logs  —logé

_ log Ns(E) — log Ns(F
§O+max{lim5_)o 0g Ns(E) li Og78()}

= max{dimg (E), dimg (F)}.

—logéd

Note that we cannot interchange ‘max’ and ‘lim’ in the same way, so the
argument fails for lower box dimensions.

3.10 The idea is to construct sets E and F such that at every scale one of E or
F looks ‘large’ and the other looks ‘small’. Let E be the set described in
the Solution to Exercise 3.8. We construct a set F in a similar way, except
that the scaling of intervals is complementary and the set is positioned to
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3.11

be disjoint from E. Thus set k, = 10", for n =0,1,2,... and let F =
Mio Fr, where Fy = [2, 3], and

o for ko <k <ki, ko <k <ks,..., Fy is obtained by deleting the middle
3/5 of each interval in Fj_;

e forky <k <kp, k3 <k <ky,..., Fy is obtained by deleting the middle
1/3 of each interval in Fy_.

As in the solution to Exercise 3.8 we get that

. . 10log?2
dimg E, dimp F' < .
- T 9log5

For each k = 1,2, ..., let §; denote the length of the longest intervals in
Ex U Fy: there are 2% such intervals, each of which meets E U F. Since
any other interval of length §; meets at most two of these intervals, it
follows that the smallest number of closed intervals of length & that cover

NN
EUF satisfies N5 (EU F) > 25/2. Now & > (i) (3> and 8 >
(1/5)ék—1, so by the note after Definitions 3.1

, , logNs, (EUF) _ . log 2% /2
dimg £ U =Ty, 5y 7 Moo og 5T 10g 3072
klog2 —log?2 _ 2log2 10log?2

= lim;_, = > :
(k/2)log5 + (k/2)log3 log5+1log3 9log5s

Since F is a countable set, dimgF = 0.

The box dimension calculation is similar to Example 3.5. Let Ns(F) be the
smallest number of sets of diameter at most § that cover F.If |U| =6 < 1/2
and k is the integer satisfying

2k —1 1 1 5> 1 1 2k + 1
= _— > _— = = s
k2(k — 1)2 (k—1D2 k2 — k2 (k+1)2 (k + 1)2k2
then U can cover at most one of the points {1, %, e kiz} Thus Ns(F) > k
and hence
. . log Ns(F) . log k
dimg F =lim;_ j————— > limy_, . —————
= — _ 2k— (k+1)2k2
log? log =3y
log k 1

:1 = —.
=003 100 (k + 1) + 2logk — log2 — log(k + 1/2) 3
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3.13

3.14

Solutions to Exercises

On the other hand, if

1 1
—_— >8>
k(k —1)2 (k + k2

then k 4 1 intervals of length 8 cover [0, 1/k?] leaving k — 1 points of F
which can be covered by k — 1 intervals of length §. Thus

— —  logNs(F) — log 2k
1mpg 1mMs_—Q — ]0g3 < 1My o logk(k _ 1)2
logk + log 2 1

:1_ = —.
k=0l ok + 2logtk — 1) 3

Thus dimg F = 1/3.

Let E=[0,1]NQ and F={x €[0,1]:x —+/2 € Q}, so that E and F
are disjoint dense subsets of [0, 1]. If {B;} is any collection of disjoint balls
(i.e. intervals) with centres in E and radii at most §, then, by considering
the lengths of the B;, we see that ) ; | B;| < 1 + 8. Moreover, taking B; as
nearly abutting intervals of lengths 25 we can get ) . |B;| > 1. Thus, since

’P(SI(E) = sup Z | B;| : {B;}are disjoint balls of radii

1

< § with centres in F ; ,

we get | < ’PBI(E) < 1+ 4. Letting § — 0 gives P&(E) = 1. In a similar
way, PJ(E) = 1 and P} (E U F) = 1. In particular P} (E U F) # P (E) +
Py (F).

The von Koch curve F has (upper and lower) box dimensions equal to
log4/log 3. Moreover, by virtue of the self-similarity of F, dimg(F NV) =
log4/log3 for every open set V that intersects F. By Corollary 3.9,
dimp F = dimp F = log 4/ log 3.

Recall that the divider dimension of acurve C is defined as lims_, o log Ms(C)/
— log 8 (assuming that this limit exists), where M5 (C) is the maximum number
of points xg, X1, ..., X, on C, in that order, with |x; — x;_(| > 6 for i =
1,2,...,m.

By inspection of the von Koch curve C, taken to have of baselength 1, (see
Figure 0.2), we have that if k is the integer such that 3—k-1 << 3_k,
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3.15

3.16

3.17

then 4% < 4% + 1 < M5(C) < 4! 41 < 42 Then

k log 4 log(4%) _ log M5 (C) _ log(4¥+2) (k +2)log4

(k+1log3 —log(3 k=) = —logs ~ —log(3 %) log3

As 6§ — 0, k — o0, so taking limits gives that

. . . . log Ms(C) log4
divider dimension = lim =
s—>0 —logé —log3

(which, of course equals the Hausdorff and box dimensions of C).

Recall that the divider dimension of a curve C is defined as lims_, ¢ log Ms(C)/
— log 6 (assuming that this limit exists), where Ms(C) is the maximum number
of points xg, X1, ..., X, on C, in that order, with |x; — x;_1| > § for i =
1,2,...,m.

Consider Equivalent definition 3.1(v) of box dimension, taking Ns(C) to
be the greatest number of disjoint balls of radius § with centres on C.
Then if By, ..., Bysc) is a maximal collection of disjoint balls of radii
d with centres on C, every ball B; must contain at least one point x; in
any maximal sequence of points xg, x1, ... , x; for the divider dimension,
otherwise the centre of B; may be added to the sequence to increase its
length. Thus N5(C) < Ms(C), so

Ns(C) _ log Ms(C)
—logé = —logé

and taking limits as § — 0O gives that the box dimension is less than or equal
to the divider dimension, assuming both exist. (If not a similar inequality
holds for lower and upper box and lower and upper divider dimensions.)

The middle A Cantor set F may be constructed from the unit interval by

k
removing 2k open intervals of lengths A (%(1 — A)) for k=0,1,2,....
Thus, denoting these complementary intervals by I;, we have

[e9) ks
L5 = 2")\3‘(11—,\) )
,Zl | ; S(1=%)

This is a geometric series which converges if and only if the common ratio
S

2 (%(1 - x)) < 1, that is if s > log2/log(2/(1 — 1)), a number equal to

the Hausdorff and box dimensions of F', see Exercise 2.14.

If F1 C F> then any §-cover of F, by rectangles is also a §-cover of Fi,
so that from the definition, ’Hg’t(Fl) < H5'(F,), and letting § — 0 gives
HSH(Fy) < HS'(F,). In particular, if (s, ) € printF} then 0 < H5'(F}) so
0 < HS!(F,) giving (s, t) € printF,. Thus printF; C printF.
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It follows at once that printFy C print (2, F;) for all k, so that (72,
printF; C print (2, F;).

Now suppose (s, t) ¢ printF; for all i. Then H*!(F;) =0 for all i, so
HS (U2, F;) =0 since H* is a measure. We conclude that (s, 1) ¢

print (72, F;). Thus (72, printF; = print ({72, Fi).

Suppose now that s’ + ¢ < s + ¢ and ¢’ < ¢. For any §-cover of a set F by
rectangles U; with sides a(U;) > b(U;), we have

1

Y aWi'bU)' =Y aWiy ™ aUn* bWUH' " bW

<> aU)* bU)" aUy)*
i
< 5(S+I)—(S/+I/) Za(Ui)S/b(Ui)t/-

1

It follows from the definition that if 0 < 8 < 1 then M} (F) < M} (F), s
H(F) < H ' (F). Thus if (s, 1) € printF then 0 < H>/(F) < H* ! (F),
so (s',t") € printF.

Since print(F; U F>) = printF; U printF,, taking F1 and F, such that the
union of their dimension prints is not convex will give a set Fy; U F, with
non-convex dimension print. Taking F| a circle and F, the product of
uniform Cantor sets of dimensions % and 3, will achieve this, see figure 3.3.

Chapter 4

4.1

4.2

We begin by noting that the Cantor tartan is equal to (F x R) U (R x
F). In Example 4.3 it is shown that dimyg(F x [0, 1]) = 1 4+ log2/log 3.
Now F x[n,n+ 1] is a translate of F x [0, 1], so for each integer
n, dimyg(F x [n,n+ 1]) = 1 4+ log2/log3. Thus, by countable stability,
dimg(F x R) =1+ 1og2/log3. As R x F is congruent to F x R under a
90 degree rotation, dimy(R x F) =1+ log2/log 3. Finally,

dimg((F x R) U (R x F))

log2

= max{dimyg(F x R),dimg(R x F)} =1+ i.

log3
Let F be the set of numbers in [0, 1] containing only even digits. Writing
Ej for the set of numbers in [0, 1] containing only even digits in the first
k decimal places, we have that F = ﬂ,fozo Ey. For each positive integer

k, the 5% intervals in Ey of length 10~% form a 10~%-cover of F and so
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4.3

4.4

HOE 10 (F) < 5610 F)loe/Toe 10 — 5k5—k — |, Letting k — oo gives

HlogS/log]O(F) <1.

Now let u be the natural mass distribution on F obtained by repeated
subdivision of mass into 5 equal parts, so that each of the 5 intervals of
length 107% in Ej carries a mass of 57X If 10~**D < |U| < 107% for
some k > 1, then U can intersect at most one of the intervals in E; and so

n(U) < 5% = (107F)log3/1og10 (1|7 |)log5/10g 10 _ 57 |log5/log 10,

It follows from the Mass distribution principle 4.2 that 71°23/10210(F) >
1/5. Combining these results, we see that +1°85/10210(F) s positive and
finite, so that dimygF = log 5/ log 10.

Let F be the Cantor dust depicted in figure 0.4. For each positive integer
k, the ny = 4F squares of diameter §; = 47%/2 in E; form a cover of F
and so it follows from Proposition 4.1 that

log 4% _ klog 4

— = = lim — = 1.
“logd*v2) T ®klog4 — log /2

dimpF < lim;_,

Now let i be the natural mass distribution on F, so that each of the 4k
squares of side 4=% in Ej carries a mass of 4 K. If 4= *+D < |U| < 47 for
some k > 1, then U can intersect at most one of the squares in E; and so

nU) <47F <4ju|.

It follows from the Mass distribution principle 4.2 that dimgF > 1. Com-
bining these results, we deduce that dimygF = 1 as required.

If » = 1 then F = [0, 1] so dimyF = dimgF = L.

Thus assume 0 < A < % It is easy to see that F is a subset of the interval
[0, A/(1 — A)] and moreover F is the union of two similar copies of itself
at scale A, that is F = (F N[0,A%/(1 —A)]) U (FN[x, /(1 —=1)]). Thus
F may be constructed by a Cantor-type construction, repeatedly replacing
intervals by a pair of subintervals each of length A times that of the parent
interval. Let Ex be the set of 2% intervals of lengths pas /(1 — X) obtained
at the kth stage of this construction. Then F = (=, Ex. For each positive
integer k, the 2X intervals in E; form a cover of F and so it follows from
Proposition 4.1 that

log 2*
dimg F < hm
k—o0 —log AK+1 /(1 — 1)
klog?2 log?2

= lim .
"~ k—oo—(1 + k) log A + log(1 — 1) —logk
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Now let u be the natural mass distribution on F so that each of the 2%
intervals of lengths A¥*1/(1 — A) in Ey carries a mass of 27X, If Ak+1(1 —
20)/(1 — 1) < |U| < A¥(1 —21)/(1 — A) for some k > 1, then U can inter-
sect at most one of the intervals in Ej and so

1—2a —log2/log A
pw(U) <278 < plyzloe2/loeh - (_—_ =y
A1 = 21)

— C|U|—log2/logk'

where ¢ > 0 is independent of U. It follows from the Mass distribution prin-
ciple 4.2 that dimgF > —log2/log A. Combining these results, we deduce
that dimg ¥ = dimg F = —log2/log A.

Let E; be the set of 2K intervals of lengths 37 obtained at the
kth stage of the usual construction of the middle third Cantor set.
Then Ej; = E; x E; consists of 4% squares of sides 37% and diame-
ters 37K 2, and F x F = ﬂ/?io Ey. For each positive integer k, the
log4/log3

S ) <
4k(3—kﬁ)log4/log3 — 210g2/10g34k4—k — 210g2/10g3' Letting k — 00 gives
H10g4/10g3(F) < 210g2/10g3'

4% squares in Ej; form a 37%y/2-cover of F and so H

Now let i be the natural mass distribution on F x F obtained by repeated
subdivision of mass into 4 equal parts, so that each of the 4% squares in
E} carries a mass of 4=k 1f 3=*k+D <|U| < 3~* for some k > 1, then U
intersects at most one of the squares in E; and so

p(U) <47 = @3Thledrloed < @gjyyloed/ioed — 4y |loes/loe3

It follows from the Mass distribution principle 4.2 that F!°84/1°¢3(F) >
1/4. Combining these results, we see that H'°24/10¢3(F) is positive and
finite, so that dimgF = log4/log 3.

With F the middle third Cantor set, it is easily checked that

FOE(FO[%,ID X [O%] C {(x,y) eR?:x eFandOfyfxz} C
F x [0,1] = F}.
We showed in Example 4.3 that dimgF; = 1+ log2/log3, and Fj is a

similar copy of F at scale %, so dimy Fy = 1 4+ log2/log 3. It is immediate
that the dimension of the intermediate set is also 1 4 log?2/log 3.

Let F be the set described in Example 4.5. For each positive integer k,
the n; = m* intervals of length &; = 2K in E; form a cover of F and so



Solutions to Exercises 29

4.8

Proposition 4.1 gives that

— — log m* logm
dimgF < dimgF < lim = .
HE = dmBl = k_)oo—logkk —log A

Since nkéllcogm/(_logk) = mkpklogm/(=logh) — 1 it also follows from Propo-
sition 4.1 that H'°gm/(=1ogM) () < 0.

Now let u be the natural mass distribution on F so that each of the m*
intervals of length A in Ej carries a mass of m k. If A*tD < |U| < Ak
for some k > 1, then U can intersect at most two of the intervals in Ej, so

w(U) < 2m™ = 2mm=*+D = gkt Dlogm/=logh 5y 7 |logm/~logh,

It follows from the Mass distribution principle 4.2 that 7'0&"/~log*(F) >
w(F)/2m =1/(2m) > 0 and dimgF > logm/ — log A. Combining these
results, we deduce that dimgF = dimgF =logm/ —logA and 0 <
Hlogm/—logk(F) < 00.

We show inductively that there are integers m and ap, az,... with 0 <
aj < j— 1, such that for all k = 1,2, ..., the number x may be expressed
in the form
_ [7%) ay
X=ma oyt ()

where 0 < y; < 1/k! . This is clear when k = 1 (expressing x as in integer
plus a fractional part), so suppose inductively that (x) holds for some k > 1.
Since 0 < k!y; < 1, we may write k!y; = ag+1/(k + 1) + zx41 where a1
is an integer and 0 < zz4| < 1/(k 4+ 1). Thus yx = ag1/tk + 1! + yr+1,
where 0 < yr41 = 2%+1/k! < 1/(k + 1)!. Substituting into () gives the
same formula with k replaced by k + 1, completing the inductive step.

Letting k — oo in (x) gives

convergence of the series following from comparison with the exponential
series.

To find the dimension of
a as .
F:{x:m—i—g—}—y—l—u-:m:Oandak1sevenf0rk=2,3,...}

we use the result of Example 4.6. Writing

Er={x=—+—+---:ap,...,a; are even},
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we have F = ﬂ,fil E} as in the general construction (4.3). Each interval
of Ex_1 contains m; = (%kl intervals of Ej, with each interval of Ej of
length 1/k! and separated by at least €, = 1/k!. The formula of Example
4.6 gives

! M log2.2.33...[§(k—1
dimpgF > ]i_mk_)oow = lim; 0g |—2( )1
~ log(mict) — log([5k1/kY)
log([3(k — 2112 2(Lklogk
i, OETE=21D) (klogh)

= |1m — _—_—nmn
logk! —log sk~ — " Lklogk —log 1k

where we have used Stirling’s formula in the form logn! ~ %log 27 +
%(n + %)logn —n.

We conclude that dimgF = 1.

An easy way to do this is as follows. For each 0 < s < 1, there is a compact
set E; C [0, 1] such that dimgE; = s. (For example, the ‘middle A Can-
tor set’, see after Example 4.5, has Hausdorff dimension log2/log(2/(1 —
A)) for 0 < A < 1, so taking A =1 — 21=1/s gives a suitable set Ey.) For
n=1,2,... let F, be a similar copy of Ej_i/,, scaled and translated
so F, C [1/n,1/(n+ 1)]. Then dimgF,, =1 — 1/n and HY(F,) = 0. Set
F = {0} UUr2, F,. Then F is compact, dimgF = sup; -, -, dimg F, = 1,

and H!'(F) = Y% | H'(F,) = 0, as required.

First we show that if H*(F) = oo then for every ¢ with 0 < ¢ < oo there
is a Borel £ C F such that ¢ < H*(E) < oo. For suppose to the contrary.
Then a = sup{H*(E) : E is a Borel subset of F with H*(E) < oo} < oo.
There is a Borel set E with H*(E) = a (for if we take a sequence of
Borel sets Ex with H*(Ey) /" a then H* (g2, Ex) = a). Thus F\ E is a
Borel set with H*(F\E) > H*(F) — H*(E) = oo. By Theorem 4.10, F\E
has a Borel subset G with H*(G) > 0, so EU G is a union of disjoint
Borel sets, so is Borel, with co > H*(E U G) = H*(E) + H*(G) > a, a
contradiction.

Thus, given F with H*(F) = 0o and 0 < ¢ < oo let E be a Borel subset
of F such that ¢ < H*(Eg) < oo. Since Eg = Eg N Uflozl[—n, n] there is
an integer n such that ¢ < H*(Eg N [—n, n]) < oco. The function ¢ given by
¢(x) = H*(Eg N [—n, x]) is continuous and increasing in x, by continuity
of finite measures, see Exercise 1.18. Since ¢ (—n) = 0 and ¢ (n) > c, the
intermediate value theorem gives that there is an x, —n < x < n such that
¢(x) =c. Thus E = Ey N [—n, x] is a Borel subset of F with H*(E) = c,
as required.

Consider the usual construction of the middle third Cantor set F, the kth
stage of the approximation Ey comprising 2¥ intervals of lengths 37X, Let
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u be the natural mass distribution on F, so that each interval I of Ej has
w(I) =27%. For each distinct x, y € F there is an integer k > 1 such that
x and y are in the same interval of E;_; but with x € [ and y € I’ with
I and I’ distinct intervals of E;. We decompose the energy integral into a
sum of pairs of intervals of this type. Thus for s > 0

// du(x)du(y) Z / / du(x)du(y)
lx =yl £I':1.1'¢Ey xel Jyel lx — yI

(27 kok
3—ks

(5)-

This series converges if and only if s <log2/log3 (in which case the
energy is at most (3°/2)/(1 — (3%/2)), so by Theorem 4.13, dimyF >
log2/log3.

~
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Chapter 5

5.1 Let F be a Borel subset of R? with 0 < £2(F) < 00, so F is a 2-set. Assume
for the time being that F is bounded, say F' C B for some disc B. Noting that
H2(A) = c¢L2(A) for a constant ¢ > 0, (5.3) and Proposition 5.1(a) applied
to F and then B\ F gives

L2(F N B(x, r))
m -—————=
r—0 L2(B(x,r))

for almost all x ¢ F and

L2FNB(x,r) .. L*BNB(x,r))
im = lim
r—0 L2(B(x,r)) r—0 L2(B(x,r))
. L2((B\ F)N B(x,r))
— lim
r—0 EZ(B(x, r))

=1-0

for almost all x ¢ B \ F so for almost all x € F. This is the Lebesgue density
theorem for bounded F. For unbounded F', we have the result for F N B for
every disc B, so since the Lebesgue density at x depends only on F in an
neighbourhood of x, the result follows for all Borel sets F.
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5.2 Let x € R with f'(x) = c. Given 0 < € < c, there exists § > 0 such that if

|y — x| <8, then ¢ — € < f'(y) < ¢+ ¢, by continuity of f’. By the mean
value theorem

Lf ) = f@I=1f (w)lly -z
for y,z € B(x, ), for some w € B(x,§), so f is bi-Lipschitz on B(x, §)
with
(c=Olz=yl=If—f@DI=(c+ely—zl

Thus if 0 < r < §, we have
B(f(x), (c —e€)r) C f(B(x,r)) C B(f(x), (c+€)r)
and by (2.9)

(c—)"H (FNB(x,r) <H (f(FNB(x,r)))
<(c+e)H(FNB(x,r)).

Hence

H (f(F) N B(f(x), (c —€)r))
(c+e)

<H'(FNB(x,r))

- HUE) N Bf(x), (e +e)r)
- (c—e)

SO

(c — e)s H(fF(F) N B(f(x), (c —e)r)) - H(F N B(x,r))
c+e 2(c — e)r)s - 2r)s

- <c + e)s H(f(F)NB(f(x), (c+e€)r))

c—¢ 2(c + o)

Taking limits as » \ O gives

(c _6)‘ D*(f(F), f(x)) < D*(F.x) < (ﬂ) D' (f(F), f(x)).
c+e c—¢€

This is true for all € > 0, so Qs(f(F),_f(x)) = D’(F, x). Similarly, taking
upper limits gives D’ (f(F), f(x)) = D' (F, x).
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Let F be the middle third Cantor set. If x ¢ F then, SEICC F is closed,
F N B(x,r) =@ for sufficiently small r, so D*(F, x) = D' (F, x) = 0.

Let x € F. For k = 1,2, ..., the (interior of the) interval B(x, 37%) inter-
sects just one kth level interval in Ej in the usual construction of the Cantor
set, see figure 0.1. Thus, with s =1log2/log3, H*(F N B(x,37%)) <27*
(the H*-measure of a kth level interval), so

H5(F N B(x,37%)) - 2k

=275,
(2.3—k)s — 2s2—k
It follows that
. H(F N B(x,r))
D (F,x) = ll_mr—wT
. H'(FNB(x,37%)
=< h_rmc—>oo (2'3—k)s =27

Since D'(F, x) < 1 for all x, F is irregular.

Let F be the dust of figure 5.4, so at the kth stage of construction, Ej consists
of 4% squares of sides 4% each with H!-measure 4%, For k =1,2, ...,
and x € F, we have H!'(F N B(x,47%)) <47k since B(x,47%) intersects
just one square of Ey. Thus

HYF N B(x,r) . HY(F N B(x,475))
- ~ E h_mk—>oo _

2r 2.4-k
4=k 1

< lim < —.
k— 00 2.4_k 2

D'(F,x) =lim,

In particular, F is irregular.

Similarly, if x € F then H'(F N B(x,47%y/2)) > 4%, since B(x,47%2)
contains a complete square of Ey. Thus

HY FNBx,r) — HY(F N B(x,47%2))
——— > im0

2r 2.4-k\/2
4k 1

> lim > .
T k>0 2.4-k/2 T 2.2

D' (F, x) = Tim,

In fact for almost all x € F, the point x lies arbitrarily close to the centre of
squares in Ej for large k, so that, given € > 0, B(x, 4_"(%\/5 + €)) contains
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a complete square of Ej for infinitely many k. Proceeding just as above gives

that
D'(F,x) > i - !
,Xx) > lim = .
k—o00 4=k(/2 4+2€) /242

Thus for H!-almost all x € F, D' (F,x) > 1/32.

Let F be an irregular s-set with 0 < s < 1. Suppose for some 0 < d < 1
there is a subset F; C F with H*(F;) > O such that D*(F, x) > d for all
x € F1. By Proposition 5.1(b) ES(F, x) <1 for almost all x € F. Given
€ > 0, Egoroft’s theorem guarantees that there exists ro > 0 and a Borel set
E C F| C F with H*(E) > 0 and such that

dl—e) < 2r)H' (FNB(x,r) <(1+¢)

for all x € E and r < ry.

Let y be a cluster point of E. Let n be a number with 0 < n < 1 and let
Ay, be the annulus B(y, r(1 4+ 1)) \ B(y,r(1 — n)). Then for r < %ro,

H(FNAy _ HENB(y,r(l+m)  HEFENB(y,r(l—n))
@r)* a @r)* @2r)

=0+l +n’'—A=-edd—n)’.

For a sequence of r \(O we may find xe€ E with |[x —y|=r.
For all € > 0, B(x,rn(1 —¢€)) C A,,, so since d(1 —¢€) < 2rn(1 —e))™*
H¥(B(x,rn(l —€))), we get

dl—e)'Ppf <A +e(+n' — (1 —edd—n)’.

Since this is true for all € > 0 and 0 < 1 < 1, we conclude that

a+n?
St =n)t

for all 0 < n < 1. We minimize this expression using elementary calculus.
Differentiating, and equating to 0 gives

0=sm* +U—HA+n ' —sU 4+ =1 -

which simplifies to
=201 -
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5.6

5.7

5.8

so n = 2/6=D /(1 421/6=D)y gjves the minimum. Thus

(I+n)° (1422167
4+ (1—n) - 2s/(s—1) +1

— (1 + 23/(&71))371'

We conclude that D(F, x) < (1 + 2/6=D)s=1 for almost all x € F.

The simplest example is F = [0, 1]\ Q, which has £!(F) =1 (since Q is
countable) and is totally disconnected, since there is a rational between any
two distinct real numbers.

A more interesting example is a ‘fat fractal’ which may be obtained by a
Cantor set construction, with Eg = [0, 1] and with E} obtained from Ej_; by
removing the middle proportion 2% from each of the 2€~! intervals of Ej_;.
As usual, F' = N2 E;. Clearly F is totally disconnected. Calculating the
lengths of the intervals, and noting that (1 — x) > exp(—2x) for 0 < x < %,

CEy =2 x = (1= L) (1= o
Fo=2xg!=z)U2) ==

> exp(—1) exp(—1/2) - - -exp(—1/2°71) > exp(—2)
for all k. Thus £'(F) > exp(—2) > 0.

Since H*(ENB(x,r)) <H(FNB(x,r)) for all x and r, we have
D'(E,x) <D'(F,x) for all x. For H*-almost all x € E \ F, we have
BS(F, x) =0 by Proposition 5.1(a), and so BS(E,x) = 0. On the other
hand, for almost all x € E \ F we have 0 < 5S(E \ F,x) < ES(E,x), by
Proposition 5.1(b). We conclude H*(E \ F) = 0.

We cannot conclude E C F: for a counter example, take F' to be an s-set
where s > 0 and £ = F U {x} for some x ¢ F.

The simplest approach is to use Theorem 5.9. If the Fj are all regular, each
F;, may be covered by a countable union of rectifiable curves except for a
set of H'-measure 0. Thus Ug2 | Fr may be covered by a countable union
of rectifiable curves, except for a countable union of sets of H'-measure 0,
a set which has H!-measure 0. (Recall that a countable union of countable
sets is countable.) Since U2 | Fy in a 1-set, it fulfils the criteria of Theorem
5.9 to be regular.

Now suppose that the Fy are all irregular. If C is a rectifiable curve, H'(C N
Fr) =0, so

HUCNU, F) = HU(UZ(CNF) < 22, H(C N F) = 0.

By Theorem 5.9, UP2 | Fy is irregular.
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Suppose H'(ENF) >0, so ENF is a l-set. The E N F is a subset of a
regular 1-set E so is regular, and also a subset of an irregular 1-set F so is
irregular, by the remark after (5.4). Thus E N F is both regular and irregular,
so almost all points x € E N F are both regular and irregular. This is absurd,
so we conclude that H!(E N F) = 0.

Chapter 6

6.1

6.2

6.3

6.4

(@1If 1 <X <1 then
2log?2
> —_—
log(2/(1 — 1))

for almost all 6, by Theorem 6.1. If 0 < A < % then dimgE > 1, so dimyg
projg E =1 for almost all 8, by Theorem 6.1.

= dimyprojg E

(b) We have projoE = proj, ,E = F, so

log?2

dimygprojyE = dimgproj,, », E = dimpF = —————.

HPIOJo HPIO)z /2 1my log2/(1 — )

With C as the unit circle in the complex plane, f :[0,1] — C given

by f(#) = e*™'? is Lipschitz, since | f(¢1) — f(¢2)] = |79 — 29| <

21 |¢p1 — ¢2]|. Thus dimgE = dimy f (F) < dimgF = log2/log 3, so dimy
projg E < log2/log3 for all 6.

On the other hand, given 6, we may choose a basic interval / of the Cantor
set such that the arc A = { f(¢) : ¢ € I} has all its tangents making angles
at most ¥ < %n with the line Ly in direction 6. Then proj, : A — Lg
is bi-Lipschitz, so dimyprojy, E > dimyproj,(E N A) = log2/log 3. Hence
dimyprojy E = log2/log 3 for all 6.

Let E be the middle A Cantor set, with A chosen so that s = log2/log(2/(1 —
1)) =dimgE. Then E is an s-set. Let F = {(x,y) : (x =0and y € E) or
(x € E and y = 0)}. Then for all 6 # 0, 7, the projection proj, F is the
union of two similar copies of E, so is an s-set. Also proj,E and proj% E
are congruent to E and so are s-sets.

We have by Theorem 6.1 that, for almost all 9,
dimyprojg(E x F) = min{l, dimy(E x F)} > min{l, dimyE 4 dimp F'}
> max{dimygE, dimyg F'},

since 0 < dimgE, dimyF < 1. But dimyprojy(E x F) = dimgE and dimyg
proj%(E x F) =dimygF, so the projections onto the coordinate axes have
exceptionally small dimensions in the sense of Theorem 6.1.
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6.5

6.6

6.7

6.8

Assume without loss of generality that 6 = 0 and that F is bounded, say
F C [a, b] x [a, b] (transforming by a congruence if necessary). Then F C
(projoF) x [a, b], so

dimy F < dimyg((projo F) x [a, b]) = dimu(proj,F) + 1

by a direct covering argument, or see Corollary 7.4. This formula extends
to unbounded sets F in the usual way, expressing F' as a countable union
of bounded sets F = U;?O:I(F N ([—J, j1 x [—Jj, j])) and using countable
stability of Hausdorff dimension dimy ' = SUP|< <00 dimg(F N ([—J, j1 x
(=7, JD).

Let x #y € F C R? where F is an irregular 1-set. By Theorem 6.4 we
may choose a direction 6 such that length(proj, F) = H! (projg F') = 0 and
such that proj,x # projyy. Thus we may choose z € Ly, the line through
the origin in direction 6, with z between projyx and projyy such that z ¢
projg F'. Thus the line L through z and perpendicular to Ly does not intersect
F,so if U and V are the two open half-planes bounded by L, we have
F=FNU)UFNV) withxe FNU and y € FNV. Thus x and y
are in different connected components of F. This is true for all x # y, so
F is totally disconnected.

Let x # y € F C R? and let @ be a direction other than that of the segment
[x, ¥], so projgx # projyy. If Cl(projeF) =0, then we may find z € Ly,
the line through the origin in direction 6, with z between proj,x and proj,y
such that z ¢ proj, F. Thus the line L through z and perpendicular to Lg
does not intersect F, so if U and V are the two open half-planes bounded
by L, we have F = (FNU)UF NV)withxe FNU and ye FNV.
Thus x and y are in different connected components of F, contradicting
that F is connected. We conclude that /Jl(proj@ F) > 0 for all directions
except the direction of the segment [x, y].

In fact, we may conclude that if F is connected and contains more than
one point then ,Cl(projg F) > 0, and indeed that proj, F is an interval of
positive length, for all 6 unless F is a subset of a straight line, in which
case this is true for all but one direction 6.

Write Ly for the line through the origin in direction 6. Then proj,(x, y)
is the point on Lg at distance x cosf + ysin6 = (x + yA) cosd from the
origin, where A = tan#. Thus for all 6 such that cos6 # 0, the set E + AF
is similar to proj,(E x F), so for almost all 6, that is for almost all 2,

dimy(E + AF) = dimyprojg(E x F) = min{l, dimgE x F}

by Theorem 6.1.
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6.9

6.10

6.11
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Let F = |J;2, F; be a countable union of the irregular 1-sets F;. By The-
orem 6.4, El(projeF,-) =0 for almost all 9, say for all 6 ¢ ®;, where
£'(®;) = 0. Thus

oo o0
El(pronF) =r! (projg U F,-) < Zﬁl(prongi) =0
i=1 i=1

for all 6 ¢ U2, ©;, where £' (U2, 0;) <> %, £'(®;)=0. Thus
El(proje F) = 0 for almost all 6.

Suppose HY(C N (E x F)) > 0 for some rectifiable curve C. Then C N
(E x F)isaregular 1-set by Proposition 5.6, so Ll(projg(C N(E x F))) >
0 for all except at most one direction 6. Thus either 0 < £! (projo(C N (E x
F))) < L (projo(E x F)) < L'(E) or 0 < L!(proj, »(C N (E x F))) <
El(projn/z(E x F)) = L1(F), a contradiction.

This result of this exercise may be obtained by transforming Projection
theorem 6.1 under a projective transformation.

In the plane, let C be the ‘line at infinity’, that is the set of directions
of lines in the plane. We claim that, given a line L in RZ, there exists a
natural bijection v : R? U C — R? U C such that ¢ (L) = C which has nice
geometrical properties regarding straight lines, projections and dimensions.

Regard R? as the ‘x-y’coordinate plane in R3, let C be its line at infinity,
and let L be a given line in R2. Let (a, b, 0) be some point of L and let p
be the point (a, b, 1). Let P be a plane which is perpendicular to R? and
parallel to L but not containing L, and let C’ be the line at infinity of P.
Define y : R U C — P U C’ by taking ¥ (x) to be the point of intersection
of P with the line through x and p. If x € L then we take this to be the
point of the ‘line at infinity” C’ corresponding to the direction of the line
through x and p. The map ¥ extends to C by mapping a direction in C onto
the point of intersection of P with the line through p in that direction. By
identifying P with R? we get the desired mapping ¥ : R?UC — R>U C.

It is immediate that (i) ¥ maps the set of straight lines (including C) bijec-
tively onto the set of straight lines, (ii) ¥ (L) = C. For our purposes we
note the following particular properties which follow easily form the con-
struction: (iii) ¥ is bi-Lipschitz on every set B such that B and ¥ (B) are
bounded subsets of R?, so in particular F and ¥ (F) have equal Haus-
dorff dimension (provided they both avoid L and C), (iv) for E C L we
have £ (¥ (E)) > 0 (thinking of v/ (E) as a set of directions) if and only if
LY(E) > 0, (v) for each x € L, a set of lines {Ly : 0 € O} through x has
positive angular measure, i.e. £1(®) > 0, if and only if the set of paral-
lel image lines {y/(Lg) : 8 € ®} in direction ¥ (x) have displacements of
positive £!-measure.
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We may now deduce the required results by transforming Projection the-
orem 6.1 under i and using the above properties. Let L be a straight
line and let ¢ be as above, so that ¥ (x) € C if x € L. Let F be a Borel
subset of Rz\L with dimgF > 1. Then dimy(¥(F)) > 1. By Projection
Theorem 6.1(b), for almost all directions  the lines in direction v (x) that
intersect v (F) have displacements of positive £!-measure. Transforming
back using (iv) and (v) above, this becomes that for almost all x € L,
£'{ directions of lines through x that intersect F} > 0.

We may show in a similar manner that if dimgF = s < 1 then for almost
all x € L, dimygproj, F = s ; here we replace (v) above by: (vi) for each
x € L, a set of lines {Ly : 0 € ®} through x has angular dimension s, i.e.
dimyg(®) = s, if and only if the set of parallel image lines {y/(Ly) : 6 € O}
in direction ¥ (x) have displacements of Hausdorff dimension s.

Chapter 7

7.1

7.2

7.3

We have that dimy[0, 1] = dimg[0, 1] = 1, so by Corollary 7.4
dimy(F x [0, 1]) = dimgF + dimyg[0, 1] = dimg F + 1.

From Example 4.5 or Exercise 2.14, dimgF) = di—mB F, =log2/log(2/
(1 — 1)), so by Formula 7.5 and Corollary 7.4

log?2 log?2
log(2/(1 —2)) ~ log(2/(1 — w))

= dimp F; + dimp F,, > dimg(F; x F,)

. ’ . log 2
= dimi(F, % F) = dimF +dimg = 082

log2
log(2/(1 — w))
Hence
2log2
log(2/(1 = A))

This is a slight variant on Example 7.7. First assume that F C [a, b]
for some 0 <a < b < oo. The mapping f : [a, b] x R — R? given by
f(x,y) = (xcosy, xsiny) is Lipschitz, with F' = f(F x [0, 2x]). Thus

dimy(F;, x F,) = dimg(F;, x F,,) =

dimg F' = dimy f(F x [0, 27]) < dimg(F x [0, 27])
=dimgF + dimg[0, 27] = dimg F + 1
by Corollary 2.4(a) and Example 7.6.
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On the other hand, for 0 < a < b < o0, the restriction f : [a, b] x [0, 7] —
RR? is a bi-Lipschitz function, with F’ > f(F x [0, w]). Thus

dimy F’ > dimyg f(F x [0, 7]) > dimg(F x [0, 7])
— dimy F + dimg[0, 7] = dimp F + 1

by Corollary 2.4(b) and Example 7.6. We conclude that dimpgF’ =
dimgF + 1.

Finally, for F C [0, co], we have, by the above, that dimgF’ N ((B(0, n) \
B°(0,1/n)) =dimg(F N[1/n,n]) + 1 for each integer n. Noting that
F\{0} = Ufjozz(F N [1/n,n]) and using countable stability of Hausdorff
dimension, see Section 2.2, we get dimyg(F’ \ {0}) = dimy(F \ {O}) + 1,
so adding in the origin if necessary gives dimyg F’ = dimg F + 1.

Note further, that by using the Lipschitz mapping properties of Hausdorff
measures (2.9) in a similar way, if F C [a, b] for some 0 <a < b < o0
then 0 < H*(F’") < oo, where s = dimgF + 1.

Let E be any Borel subset of [0, 1] such that dimg £ = 1 and length(E) = 0.
(For example, we might take E = U,fil E; where E} are Borel sets with
dimgEy; ' 1, see Exercise 4.9.) Setting FF = E X E C RZ, we get, using
Product Formula 7.2, that 2 > dimg F = dimyg(E x E) > 2dimgE = 2, so
dimy F' = 2. Moreover, the projection of F onto each of the coordinate axes
is just E, so these projections have zero length.

If Fyis a 1-set with Fp C F, then the projection of Fy onto each coordinate
axis is a subset of E, and so has length 0. Thus Fj is a 1-set with projections
of zero length in two directions, so is irregular by Corollary 6.6.

If C is a rectifiable curve, it follows that C N F is both irregular and regular,
see after Proposition 5.1, so H1 (CNF)=0,thatis C N F has zero length.

Let {U;} and {V;} be é-covers of E and F by Ns(E) and Ns(F) cubes
respectively. Then {U; x V;}; ; is a 8/n-cover of E x F. hence

Ns n(E X F) < N5(E)Ns(F),

SO

log Ns (E x F) __ logNs(E) log Ns(F)
—logdy/n  — —logd—logy/n —logd —log/n
Taking upper limits we get
log N5 jn(E X F)
—logd/n
— log Ns(E) — log Ns(F)

< lim, + lim, _
- Seo—logé —log/n 5_)O—log8 —log./n

dimg(E x F) < lims_,g




Solutions to Exercises M

— log Ns(E — log Ns(F
< limgﬁoif loag(S) + limgﬁoig 5(F)

=ﬁBE+ﬁBF.

—logé

7.6 Note that (x,y) — (x + y)/+/2 is projection onto the line ‘y = x’ and
x, ) (x— y)/«/§ is projection onto the line ‘y = —x’. Thus, with F
the middle third Cantor set, E = {(x,y) e R :x+y e F and x — y € F}
is just F x F scaled down by a factor of 1/+/2 and rotated by — /4 about
the origin. In particular, E is similar to F x F. By Example 7.6 and For-
mula 7.5, dimg(F x F) = dimg(F x F) =2log2/log3, so as the dimen-
sions are preserved under similarity transformations, dimgE = dimgE =
2log2/log3.

7.7 Recall that (x,y) — (x — y)/~/2 is projection onto the line L given by
‘y = —x’. Hence the difference set D = {x —y : x,y € F} is similar to
proj; (F x F), so

dimy D = dimpproj; (F x F) < dimy(F x F) = 2dimy F,

by (6.1) and Corollary 7.4. Since D is a subset of a line, dimgD < min{1, 2
dimy F}.

7.8 With F the middle third Cantor set, the set E = {(x, y) : y — x> € F} is the
union of the parabolae {y = x2 + a : a € F}, that is a stack of homothetic
(i.e. translates of each other) parabolae, that intersect the y-axis in the points
of F.

Locally, E is the product of a line segment and the Cantor set, so we
would expect E to have dimension 1 + log 2/ log 3. More formally, defining
d(x,y)=(x,y+ xz), it is easy to see that, for each k, the mapping ¢ :
[k, k] x F — E N ([—k, k] x R) is a bi-Lipschitz bijection, so

dimyg(E N ([—k, k] x R)) = dimg([—k, k] x F) =1+ 1log2/log3.
Since E = U,‘zilE N ([—k, k] x R), we conclude that dimgFE = log?2/
log3 + 1.

Technically, the box dimension of E is not defined since E is unbounded.
Any non-trivial bounded portion has box dimension log2/log3 + 1.

7.9 Write L, for the line through (x, 0) parallel to the y-axis, and let E; = {x €
R : dimg(F N Ly) > s}. By Corollary 7.12, dimgF > s 4+ dimgE; for all
0<s<1,sodmgF > SUP05s51{S + dimg E}.

7.10 Writing Ej for the kth stage of the iterative construction of F in the usual
way, we note that Ej consists of 12% rectangles of size 37% x 5%, Each of
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these rectangles may be covered by at most (5/3)% + 1 < 2(5/3)F squares
of side 5% by dividing the rectangles using a series of vertical cuts. Thus
E; may be covered by 12¥ x 2 x (5/3)% =2 x 20F squares of side 5%
i.e. of diameter 57%/2. In the usual way (see Theorem 4.1) this gives that
dimyF < log20/log5 = (log5 +log4)/log5 =1+ log4/log5.

For the lower bound, let L, be the line through (x, 0) parallel to the y-
axis. Then, except for x of the form j37% where j and k are integers,
we have that E; N L, consists of 4 intervals of length 57%. A standard
application of the mass distribution principle (considering a mass such
that each of these intervals has mass 4) gives that dimyg(F N L,) >
log4/log5. By Corollary 7.12 dimg F > 1 +log4/log5, so dimgF =1 +
log4/log5.

7.11 Writing Ej for the kth stage of the iterative construction of F in the usual

way, we note that E; consists of 8¢ rectangles of size 37% x 57X, For a
given positive integer k, let ¢ be the integer such that 5%~ < 377 < 57k,
Then dividing the rectangles of Ej horizontally into nearly square rectan-
gles of size 377 x 57 and selecting those above the set Cy, the kth stage
of the usual middle third Cantor set construction on the x-axis, we get that
F may be covered by 294% = 3710g2/log34k < 5(k+1)log2/log34k rectangles
of size 379 x 57, each contained in a square of diameter 5 ¥+/2. In the
usual way (see theorem 4.1) this gives that dimgF < ((log2/log3)log5 +
log4)/log5 =1log2/log3 + log4/log5.

The lower bound is similar to Exercise 7.10. Let L, be the line through
(x, 0) parallel to the y-axis. For all x € C where C is the middle third
Cantor set, except those x of the form j37% where j and k are integers,
we have that E; N L, consists of 4% intervals of length 5=k, The mass
distribution principle (considering a mass such that each of these intervals
has mass 47%) gives that dimy(F N Ly) > log4/log5. By Corollary 7.12
dimp F > dimyC + log4/log5 =log2/log3 4 log4/log5, so dimgF =
log2/log3 +log4/log5.

Chapter 8

8.1

Let E and F be line segments of lengths £(E) and £(F) making an angle
0 # 0 with each other. Then E and F + x intersect if and only if x lies in
a parallelogram that is a translate of that formed by the vectors along E
and F. Thus

f#(E N (F + x))dx = area of parallelogram = L(E)L(F)|sin6]|.
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8.2

Now letting the direction of F vary before translating,

2
/#(E No(F))do = E(E)E(F)/ | sin@|d6 = 4L(E)L(F). ()
0

Now let E = (JiL, E; and F = (J}_, F; be polygonal curves with E; and
F; line segments of lengths £(E;) and L(F;). Then by ()

/#(E No(F))do = Z Z/#(Ei No(F)))do (1)

i=1j=1

=YY ALENLF) = ALE)L(F), (%)

i=1 j=1
where L£(E) and L(F) are the total lengths of £ and F.

We proceed from polygonal curves to rectifiable curves by approximation.
Let E and F be rectifiable curves, and let E, and F,, be sequences of
polygonal curves giving closer and closer approximations to £ and F, such
that each E), is a refinement of E,_ (i.e. the polygonal curve E,, is obtained
from E,_| by adding further vertices) and such that each F,, is a refinement
of F,,_1, and such that lim,,_, oo £L(E;) = L(E) and lim,,_, oo L(F},) = L(F).
From ()

/#(En No(Fy))do =4L(E,)L(Fy).

We now take the limit as n — o0. Provided that f#(En No(F,))do —
[#(ENo(F))do we get that

f#(E No(F))do =4L(E)L(F). (%)

for rectifiable £ and F. For most specific curves E and F, this will fol-
low from the bounded convergence theorem or the monotone convergence
theorem. Justification of this step is more involved for general rectifiable
curves, see Santalo (1976).

Let let L be a unit segment in the plane oriented perpendicular to direction
6. Assume that C contains no line segment parallel to L (this can only
happen for a set of directions of £'-measure 0), and let C* and C~ be the
‘upper’ and ‘lower’ parts of the curve C with respect to the direction of L.
Then (L 4+ x) N C™ is a single point if x lies in a region congruent to that
swept out by translating CT unit distance in the direction of L, otherwise



44

8.3

Solutions to Exercises

(L+x)NC* =@. Thus

/#(C+ N (L + x))dx = /#(c— N (L + x))dx
= L (proj,C) x 1
SO

/ #(C N (L + x))dx = 2L (proj, C).

Integrating with respect to 6 for 0 < 8 < 27w and using Exercise 8.1 gives
2
4Ll ) = / #CNo(F)do = / 2L (proj, C)d6
0

giving the required formula.

We recall that, with E the product of two middle third Cantor sets, dimgE =
2log2/log3 = log4/log3.

(i) With F a circle dimgF = dimgpF = 1. By Theorem 8.1 and Corol-
lary 7.4

dimyg(E N (F 4+ x)) < max{0, dimg(E x F) — 2}
= max{0, dimgE 4 dimgF — 2}
=log4/log3+1—2=1log4/log3 —1
for almost all x € Rz, and thus
dimg(E No(F)) <log4/log3 —1
for almost all congruence transformations o.
By Theorem 8.2 (b)

dimg(E No (F)) > dimgE 4 dimgF — 2 =log4/log3+1—2
=log4/log3 —1

for a set of congruence transformations of positive measure.

(i) With F the von Koch curve, dimgF = dimg F' = log4/log 3. By The-
orem 8.1 and Corollary 7.4

dimyg(E N (F 4+ x)) < max{0, dimg(E x F) — 2}

= max{0, dimyE + dimyF — 2} = 2log4/log3 — 2
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8.4

8.5

for almost all x € R2, and thus
dimg(E No(F)) <2log4/log3 —2

for almost all congruence transformations o.

By Theorem 8.2 (a)
dimyg(E No (F)) > dimgE 4 dimgF — 2
=log4/log3 +log4/log3 —2 =2log4/log3 —2

for a set of similarity transformations of positive measure. Note that we
cannot apply Theorem 8.2 (c) since dimgE, dimgF < 3/2.

(iii) With F the product of two middle third Cantor sets, dimg F = dimg F' =
log4/log3. By Theorem 8.1 and Corollary 7.4

dimyg(E N (F 4+ x)) < max{0, dimg(E x F) — 2}
= max{0, dimpgE + dimyg F — 2} = 2log4/log3 — 2
for almost all x € R2, and thus
dimyg(E No(F)) <2log4/log3 —2

for almost all congruence transformations o.

By Theorem 8.2 (a)
dimg(E No (F)) > dimgE + dimgF — 2 = 2log4/log3 —2

for a set of similarity transformations of positive measure. Again, we cannot
apply Theorem 8.2 (¢) since dimgE, dimgF < 3/2.

As in Theorem 8.1, we prove this when n = 1. Let L, be the line x = y +
c. If dimg(E x F) < 1, the projection of E x F onto the line x +y =0
has zero length by (6.1), in other words, (E x F)N L, =@ for almost
all c e R. But (E x F)N L, is similar to E N (F + ¢) (since (x,x —c¢) €
(E x F)N L, if and only if x € EN (F + ¢)). Thus E N (F 4 ¢) = @ for
almost all ¢ € R.

Let E be the set of points (x,y) in the unit square A such that both
coordinates x and y are rational. Then dimgE = dimgE = dimpA = 2,
by Proposition 3.4. Let F' be a line segment. Since E is a countable set
(or since its projection in every direction has length 0), E N o (F) = @ so
that dimg (E N o (F)) = 0 for almost all similarities o. However, dimg E +
dimpF —2=241-2=1, so (8.5) fails for almost all similarities o.
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Let C be a middle A Cantor set with A chosen so that dimgC = s — 1 (see
after Example 4.5) and transformed by a similarity so that the end points are
% and 1. Let F be the ‘target’ given in polar coordinates by F = {(r,0) :
reC,0<6 <2r}. By Exercise 7.3, dimgF = 1 + dimgC = s, and by
the note at the end of the solution of Exercise 7.3, 0 < H*(F) < o0, so F
is an s-set.

It is easy to see that any line segment E that intersects the interior of the
unit disc cuts a set of the rings of the target F corresponding to a similar
subset of C, that is E N F contains a subset that is bi-Lipschitz equivalent
to C and so has positive s-dimensional Hausdorff measure. On the other
hand, provided that E is not tangential to one of the rings of F, ENF
is contained in a finite union of Lipschitz images of C, and so E N F has
finite s-dimensional Hausdorff measure and so is an s-set.

Writing Ly for the line segment {(x, k‘l/z) 0<x < k_l/z}, we see that
E ={(0,0)} U,fil L. Given small enough &, let k be the integer such that

T+ D2 <k -G+ )P <5<k =Dk (v

where the left hand inequality follows using the mean value theorem. Then
any set of diameter § or less can intersect at most one of the segments
Ly, ..., L, and the segment L ; requires at least j —1/2/§ sets of diameter
8 in any covering. Thus, using an ‘integral test’ estimate for the sum,

koo-12 g rk 25 1/2
NsE) =Y L > —/ 20y = K 5 057 1es713 > e84,
~5 Tl 5

using (x), where c is independent of §. It follows immediately that

log Ns(E) _ log 2e8743 4
—logs — —logs 3

dimgE > dimg £ = lim;_,,

Every line L, that does not pass through (0, 0) and that does not contain
one of the line segments L, intersects E in a finite set of points, so in
particular dimg(L N E) = 0.

Let 0 <s < 1, let I be an interval and let € > 0 be given. We use a mass
distribution method to estimate 7} (I N Ey) for large k. We may find > 0
such that r]l_s < (% + e). For given k, let u be the mass distribution on
E} given by the restriction of Lebesgue measure to Ej. Note that if U is a
‘not too small’ subinterval of I and k is large enough then w(U) is close
to %|U |, since two-thirds of the ternary intervals of length 37 are present
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in Ej. In particular, provided that k is large enough, k > ko, say, we can
ensure that (— — e) 1] < u(I) and

M(U)i(g )|U| (3+e)%||s(§+e>(%)s|1|

if [U| > nl1],
and
L% 2 U\
U)<|Ul=UPFIUIS < —=—p" S < (Z+€e)—) |1
w) < |U|=|U’|U| Wi ||_3 7] 1]
if [U| < nll].

Thus if {U;} is any cover of I N Ej, then

2
(5 —e) 1] < ) < ZM(U) < (— ) |1|Z|['|A

giving that

(5-9)

- —€

ZlUl > 1) 2 = 1P (1 - 2e).
(3 +€)

Thus H (I N Ex) > [I]°(1 — 2¢).

It follows by (8.8) that limg_, o HS, (I N Ex) = |I1%, so F = limg_ o0 Ey, is
in class C¥(—o0,00) forall 0 < s < 1.

It is immediate from Proposition 8.5 that dimygF > s for all 0 <s < 1,
so dimgF = 1. Moreover, for all 0 < s < 1 and any x{, x3, ..., we have
that F + x; € C*(—o0, 00), by Proposition 8.8 or by repeating the argu-
ment above. Thus, by Proposition 8.6 and Corollary 8.7, N, (F + x;) €
C*(—00, 00) and dimyg N2, (F + x;) > s forall 0 < s < 1, so we conclude
that dimyg N2, (F +x;) = 1.

Chapter 9
9.1 The Hausdorff metric is given by
d(A,B) =1inf{é : A C Bs and B C As},

where Aj, Bs are the -neighbourhoods of A and B.
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To show that d satisfies condition (i) for a metric, we first note that
d(A, B) > Owithd(A, A) = 0. Now suppose that d(A, B) = 0. Taking x €
B, we note that, for each positive integer n, we must have x € B C Ay,
and so there exists x,, € A such that [x — x,| < 1/n. Thus x € A = A since
A is compact and hence closed. Thus B C A; similarly A C Bso A= B
as required.

Clearly by the symmetry of the definition, d(A, B) = d(B, A), which is
condition (ii) for a metric.

To show that d satisfies condition (iii), we suppose that d(A, C) = €1 and
d(C, B) = €. Then, for each §; > €; and each §, > €, we have

AC C(gl, CC Agl, CC Bgz, B C ng.
So
A C Cal C B(SH‘SZ and B C C52 C A52+51'

Thus d(A, B) <61+ 8, for all 81,8, with 8; > ¢; and & > €, so
d(A,B) <e€; +¢ =d(A,C)+d(C, B) as claimed.

Let ¢ be any real number for which 0 < ¢ < 1. Then the interval [0, 1] is
the attractor for the similarity transformations defined on R by S;(x) = cx
and $2(x) = (1 —¢)x + ¢, since S1([0, 1]) U $>([0, 1]) =[0,c] U [c, 1] =
[0, 1]. Clearly S; and S> are both contractions, so from Theorem 9.1 [0, 1]
is the unique non-empty compact attractor for S; and ;.

We begin by noting that the middle third Cantor set is non-empty and com-
pact. The middle third Cantor set is therefore the attractor for the following
four similarity transformations on R which map the interval Eq = [0, 1]
onto the four intervals in E5:

S1(x) = x/9, S(x) = x/9 +2/9, S3(x) = x/9 +2/3, S4(x) = x/9 + 8/9.

The ratios of these similarities are all 1/9 so that equation (9.13) is
4(1/9)* = 1. Taking the log of both sides gives log4 — slog9 = 0 so that

log4  log2?> 2log2 log2
S = = = =
log9 log3? 2log3 log3

The middle third Cantor set is also the attractor for the following three
similarity transformations on R which map the interval Eg = [0, 1] onto
the first two intervals in E; and the second interval in Ey:

Si(x) = x/9, S2(x) = x/9 +2/9, S3(x) = x/3 +2/3.
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9.4

9.5

The ratios of the similarities are 1/9, 1/9 and 1 /3 respectively, so that equation
(9.13) is 2(1/9)° + (1/3)° = 1. Putting x = (1/3)*, we can write this as
2x% + x = 1 or, equivalently, (2x — 1)(x + 1) = 0 which has solutions x =
1/2and x = —1. Since x = (1/3)* > 0, it follows that (1/3)* = 1/2. Taking
logarithms of both sides gives —s log3 = —log 2 so that s = log2/log 3.

Recall that the matrix which represents a rotation about the origin through

angle 6 is ( cos6  —sinf
sinf  cos@

curve (see figure 0.2) has vertices (0, O),(%, 0),(%, ?), (%, O) and (1, 0).

Regarding the similarities that maps the line segment joining (0, 0) and

(1,0) onto the intermediate segments as a composition of a rotation by

47 /3 (if necessary), a scaling by factor of % and a translation, we see that
an IFS {S1, 2, S3, S4} that has the von Koch curve as attractor is given by

5(5)=5(3)
w(3)-4(
s(3)-5(
*(3)-s

The open set condition holds, taking the open set V to be the interior of the

isosceles triangle with vertices (0, 0),(%, ?) and (1, 0). This open triangle

) . Note that the generator of the von Koch

W

W |

is mapped by Sy, ..., S4 to four similar open triangles at scale % with bases
on the four segments of the generator, with their union contained in V.
Theorem 9.3 immediately gives that the box and Hausdorff dimension s of
the von Koch curve is given by Z?=1(1/3)3 =1, thatis 4 x375 =1 or
s = log4/log3.

The set F in figure 0.5 is the attractor of the following five similarities on
R? which map E( onto the five squares in Ej:

Si(x,y) = (x/4,y/4), S2(x,y) = (x/4+3/4,y/4),

S3(x,y) = (x/4+3/4,y/4+3/4), Sa(x,y) = (x/4,y/4+3/4)
Ss(x,y) = (x/24+1/4,y/2 + 1/4).
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The ratios of these similarities are 1/4,1/4,1/4,1/4,1/2 respectively.
Each of the sets in E} is compact. Thus F is the intersection of a decreas-
ing sequence of compact sets and is hence compact. So F is the attractor
satisfying F = Ule S; (F). The open set condition holds, taking V as the
interior of the initial square Eg, and so it follows from Theorem 9.3 that
dimgF = dimg F = s, where s is given by 1 = 4(1/4)° + (1/2)*.

Note that this can be solved by putting x = (1/2)* to give
4 +x—-1=0
so that
x = (=1 £+/17)/8.

Since x = (1/2)* > 0, it follows that (1/2)° = —1/8+4/17/8 and so
—slog2 =log(—1/8 + +/17/8). Thus

—log(—1/8 + 17/8
s= _0eCI+ VIS _ 0y
log2

The set F is the attractor for the three similarities on RZ:

S1(x, ) = (x/2,9/2), Salx,y) = (x/24+1/2,y/2),
S$3(x,y) = (y/4+1/2, —x/4).
These have ratios 1/2, 1/2, 1/4 respectively. The open set condition holds,

taking V to be the interior of the triangle formed by the three free ends of
the segments. From Theorem 9.3 dimyg F = dimg F = s, where

1=2(1/2)° + (1/4)° =2(1/2)° + (1/2)*.
Putting x = (1/2)%, we have
X+2x—1=0
and so
x=—1++2.

Since x = (1/2)° > 0, it follows that (1/2)* = —1 4+ +/2 and so —s log2 =
log(—1 4 +/2). Thus

‘o —log(—1+ ﬁ)

=1271....
log?2
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9.7

9.8

9.9

9.10

The set F is the attractor for the following similarities on R which map
[0, 1] onto the intervals [0, 1/4] and [1/2, 1] respectively:

Si(x) = x/4 and S>(x) = x/2 + 1/2,

with ratios 1/4 and 1/2. The set F is the intersection of a decreasing
sequence of non-empty compact sets and is hence non-empty and compact.
The open set condition holds, taking V' as the open interval (0, 1) and so,
by Theorem 9.3, dimgF = dimg F' = s, where s is given by

L= (/4" +(1/2)° = (1/2)* + (1/2)".

Putting x = (1/2)*, we have x24+x—1=0and so x = (—1+ \/5)/2.
Since x = (1/2)* > 0, it follows that (1/2)* = (=1 + +/5)/2.

and so

(—1+«/§

2 ) log(—1 + /3
s = _ gAY o
log2 log2

In each case it may be verified trivially that the stated attractor is compact
and satisfies F = S1(F) U S(F).

(i) The middle half Cantor set (i.e. the Cantor-type construction with the
(open) middle half of intervals removed at each stage).

(i1) The interval [0, 1].

(iii) The interval [0, 1]. (Notice that in this case the two parts S1([0, 1])
and $>([0, 1]) overlap non-trivially).

The open set condition holds for the IFS {Sy, ..., S,}, taking V as the
open unit square, so that the S;(V) are the interiors of the squares selected
in Eq, with V D U,m:1 S; (V) and the union disjoint.

Thus by Theorem 9.3, the box and Hausdorff dimension s of F is given by
YLi(1/p) =1, thatism x p~* =1 or s = logm/ log p.

This is similar to Example 9.8. Here S; and S, are contractions on the
closed set D = [0, 1] C R. We note that

= a+xp ="

m > 0 and Sé(.x) =

Thus S is increasing on D and S, is decreasing on D so that

S1(D) = [$1(0), S1(D] = [0, 1/3] and $2(D) = [S2(1), $2(0)] = [2/3, 1].
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Since F C D, it follows that S;(F) C [0, 1/3] and S>(F) C [2/3, 1]. Thus
F is the disjoint union of S1(F) and $>(F) and so we can apply Propositions
9.6 and 9.7 to estimate dimyg F. (We could use Proposition 9.6 even if the
union was not disjoint.)

For x € D, i =1, 2, we have

2 2 < 1S/ 0)| _ 2 1
_- = — (X = — —_— = —.
9 32— Q2+x)? 22 2
It follows from the mean-value theorem that, for x,y € D, i =1, 2,

2 1
§|x =y = 18Si(x) = S < EIX =yl
By Propositions 9.6 and 9.7, t < dimgF < s, where
2(2/9) =1=2(1/2)".

Clearly s = 1 and taking logs gives

_logl/2

= = 0.46
log2/9

to two decimal places, so 0.46 < dimgF < 1.

These estimates are rather poor, and so we use the fact that F is also the
attractor of the four contractions defined by

by 2
2 x 2 1
SloSl(x)=2++i=4+3x SloSz(x)=2++)2C S
2+x 24x
2 4+ 2x 2 2+x
52051(X)=2+L=4+3x SzoSz(x)=2+ T T3y
24 x 24+ x
Thus for x € D
i§|(51051)/(X)|= 4 Sl
49 4+3x)2| 4
L cisiosymi=|=— <t
16 3 +x)? 9
i§|(52051)’(X)|= _t Sl
49 4+3x)2| 4
LSyl = || <
16 B+x)? 79
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9.11

By the mean-value theorem, for each x,y € D, i =1, 2,

A

j—glx =y =18Sio8Si(x) = SioSiyl = ilx—yl
and

1 1

RIX =y =1Si08(x) = Si o S2a(y)| = §|x =yl

Since S1(F) and S>(F) are disjoint, the sets Sy o S1(F), S1 0 $2(F), S20
S1(F) and S; o S»(F) are also disjoint and so it follows from Propositions
9.6 and 9.7 that t < dimgF < s, where

2(4/49) +2(1/16)" = 1 = 2(1/4)* +2(1/9)".

To two decimal places, this is satisfied by s = 0.80 and ¢ = 0.53 and so
0.52 < dimyg F < 0.81.

We use the notation of Theorem 9.3. If x € F then, as in (9.7), we have that
x=[re;Siy 008, (E). Given 0 < r < |F|, with Q; as in the proof
of Theorem 9.3, we have

FNBx,r)C U Vi],m,ika

i1,...,ik€Q
SO
H(FNB(x,r) <Y H(FNVi i)=Y H(Fiy i)
Q) Q)
<) (eiy ey IFF < grf|FP
Q)
SO
— —  MHEFNBX7r) _— qr|F _
D' (F,x) = limg—————= < Iim < q2 % |F)°.
(F,x) r—0 2y = r—0 2y = q | F|

On the other hand, if x = ﬂ,fil Siy o---08;,(E), then choosing k such
that (min; ¢;)r < ¢;, --- ¢ |F| <r, we have F;,  ; C B(x,r), so that
HY(F N B(x,r)) = H (Fiy,..i.) = (ciy -+ - ¢i,) H (F)

> (min¢;)*|F|™r* = br®
l

Thus

HS(F N B(x,r)) o br

— > p275,
2r) = =005 =

QS(Fa x) = 1i_mr—>0
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9.12 Since FNV C F we have dimg(F NV) < dimgF.

9.13

Since V is an open set intersecting F, there is a bi-Lipschitz map-
ping S: F — V, so that FNV contains a bi-Lipschitz image of F
and thus dimg(F NV) > dimgF. (To see this, let x € FNV so that
x=[Nee; Siy0- 08, (E), as in (9.7). Then S;, 0---0 8 (F)C FNV
if k is large enough, so we may take S = §;, o--- o §;, as the bi-Lipschitz
mapping.) Thus dimg(F N V) = dimyg F. An identical argument shows that
dimg (F N V) =dimgF and dimg(F N'V) = dimgF since these dimen-
sions are also preserved under bi-Lipschitz mappings.

By Corollary 3.9, dimpF = dimgF.

Note that this is a generalization of Example 7.13 and Exercises 7.10 and
7.11.

(a) The formula of Example 9.11 gives

1 1 Nlogp/logg log N
_ log(p ) _ g log

p
. log p/logq
dimyF =lo E N. = .
H & J log p log p log g

j=1

To check this, write Ej for the kth stage of the iterative construction
of F in the usual way, and note that Ej consists of (pN)¥ rectan-
gles of size p~* x ¢~*. Each of these rectangles may be covered by at
most (g/p)* + 1 < 2(¢/p)* squares of side ¢g~* by dividing the rect-
angles using a series of vertical cuts. Thus Ej; may be covered by
(pN)Y*2(q/ p)¥ = 2(Ng)¥ squares of side ¢ i.e. of diameter ¢ ¥v/2. In
the usual way (see Theorem 4.1) this gives that dimyg F' < log(N¢g)/logqg =
(log N +1logg)/logg =1+ 1logN/logg.

For the lower bound, let L, be the line through (x, 0) parallel to the y-axis.
Then, except for x of the form jp—* where j and k are integers, we have
that Ex N L, consists of N* intervals of length ¢ . A standard application
of the mass distribution principle (considering a mass such that each of
these intervals has mass N %) gives that dimg(F N Ly) > log N/logg. By
Corollary 7.12 dimgF > 1 4+ log N/logg, so dimgyF = 1+ log N/loggq.

(b) The formula of Example 9.11 gives

1

p

j=1

_log(piN'er/loeq)  logp;  logN

log p logp logq’
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9.14

To check this, write Ej for the kth stage of the iterative construction
of F in the usual way. Note that Ej consists of (p;N)* rectangles of
size p~F x g7K. Let C be the projection of F onto the x-axis, so that
C is a self-similar set subset of the x-axis formed by p; similarities of
ratios 1/p. Let Cr be the projection of E; onto the x-axis, so that Cy
is the kth stage of the construction of C under the usual process. For a
given positive integer k, let s be the integer such that g %=1 < p= < g%,
Considering the part of F above the set Cy, we get that F may be cov-
ered by piNk = pj logp1/logp ik~  (k1)log pi/log p prk rectangles of size
p~% x g%, each contained in a square of diameter g% V2. In the usual
way (see Theorem 4.1) this gives that dimy F < log(g'°¢P1/1°2P Ny /log g =

log N/logq + log p1/log p.

-5

The lower bound is similar to part (a). Let L, be the line through (x, 0)
parallel to the y-axis. Let C be the projection of F onto the x-axis, as
above, so that C is a self-similar set subset of the x-axis formed by p;
similarities of ratios 1/p.

For all x € C , except those x of the form jp~* where j and k are integers,

we have that E; N L, consists of N* intervals of length ¢~*. The mass
distribution principle (considering a mass such that each of these inter-
vals has mass N %) gives that dimg(F N L,) > log N/logg. By Corol-
lary 7.12 dimgF > dimgC + log N/logq = log p;1/log p +1log N/loggq,
so dimgF = log p;/log p +1log N/loggq.

We apply the formulae in Example 9.11 with:
p=3,q=6,N1 =4,N2=1,N3=3,p1 = 3.
Thus, writing « = log p/logg = log3/log6,

P
1 log(4* 4+ 1% + 3¢
dimyF = log [ S nieer/loed _ L@ AT HID 515
=t J log p log3
and
dime = 08P 1 iN 1
imgF = og | — j
ogp o\ = ') logg
1
log (5(4+ 1 +3))
+ log5
Chapter 10
10.1 F is the (non-empty compact) attractor of the IFS {S;, ..., Ss} where

Si=4tx+iEl (=1,...,5),
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10.2

10.3

10.4

Solutions to Exercises

Since Ule S;0,1) = U?=l Si(%, % + 11—0) C (0, 1), the open set con-
dition holds with open set (0, 1), so by Theorem 9.3 dimgF = s, where
5 x (1/10)* =1, that is dimg F = log 5/ log 10.

Let {S1,...,Sn} be given by §; = %x—i— % (i=1,...,m). Then,
since membership of F(po, ..., pm—1) is determined by the base-m digits
of a number after any given place,

m

UsSiFwo. .. pm—1) = JI0, DN F(po, ..., pm—1)
i=1 i=1

= F(p()v LEL AL ) pn‘l—])a
that is F(pg, ..., pm—1) 1S a (non-compact) attractor of the S;.

With the notation of Section 10.1, the numbers in dimg (1 — 3p, p,2p)
have twice as many 2s as 1s for all 0 < p < % Thus we must find the
maximum value of dimgF (1 — 3p, p,2p) over such p. Proposition 10.1
gives

¢(p) =dimgF(p,2p,1 —3p)
1

= ———[(1 —3p)log(l —3p) + plog p +2plog2p]
log 3

1
= ~jog3lPloep +2log2p = 3log(1 = 3p)) +log(1 = 3p)]

Then

do 1 4p3
— =——1l 2log2p —3log(l —3p)]=— 1 .
dp 10g3[0gp+ og2p og( D)l log3 og (1 —3p)

Thus a maximum occurs when 4p3 = - 3p)3 orp=1/3+ 4173 that
is when(1 — 3p) = 41/3/(3 4 41/3). The value of the maximum is

1 2
d(1/3+43) = —— log(3+4'%) — Zlog2 | = 0.9660. .. .
log3 3

Thus the required Hausdorff dimension is 0.9660. ...

(i) To find the continued fraction expansion of 41/9, we first note that

My 5]
9 9 9/5
so ap = 4 and x; = 9/5. Now
9 4 1

Il —=14 —
5= T5=1 5,
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so a; =1 and xp = 5/4. Now

so a» =1 and a3 = 4. So

41 1 11
_—4

o T irira

(ii) To find the continued fraction expansion of /5, we first note that
2 <+/5 <3 and so

1
Vi=24—,
X1

where x; > 1 (that is, ag = 2). Now

1 1 /542

ﬁ—zzﬁ—2ﬁ+2:ﬁ+2

X1 =

and so
1
xp =4+ —,
X2
where x, > 1 (that is, a; = 4). Now
1 1
_)C2 = = =-x]
x1—4  J5-2
and so
1
X2 = 4 + R
X3

where x3 = xp > 1 (thatis, ao = 4). This process now repeats itself giving
4=a3=a4 =---. Thus

S=1+-——

10.5 Letting x =1+ ﬁﬁﬁ we see that x =14 1/(1+ ﬁﬁ) =1+

1/x. Thus x> —x —1 =0, s0 x = #, the golden mean. (We take the
positive root of the quadratic equation since x is clearly positive.)
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10.7

Solutions to Exercises

We have 2 =1+ 2 T 2] so that curtailing after each term gives

+
successive approximations to ﬁ = 1.41421... of:

3 7 17
—=15 —-=14, — =1.41666...,
2 5 12

41

— = 1.41379..., %:1.41428...

29 70

(Compare this with /2 = 1.4142136 to 7 decimal places.)

This similar to Example 10.2, using Example 9.8. Let F denote the set of
positive numbers with infinite continued fraction expansions which have
all partial quotients equal to 2 or 3. Then each x € F can be written as

1
X =ay+ —,
X

where ag is equal to 2 or 3 and x| > 1, so 2 < x < 4. Now let S, 5> :
[2,4] — [2, 4] be given by

1 1
S1(x) =2+ — and $r(x) =3+ —.
X X

We claim that F is the attractor of S; and S;. To see this, we note that
from the definition of F and the continued fractions, we have that x € F
if and only if either S;(x) € F or S2(x) € F. Thus F = Sl(F) U SH(F).
Clear F C [2,4] is bounded, and non-empty, since 1 4 2 T 2 o + eF.
To see that F is closed, note that its complement is open, since if

x=ao+1/(a+1/(a+1/(a3+--)) ¢ F

then a; # 2, 3 for some k, so numbers whose continued fraction expansion
start

ao+ 1/(ar + 1/(az + 1/(--- + 1/(ar)))),
that is numbers close enough to x, are not in F.
Noting that Sy ([2, 4]) = [2 ] and S,([2,4]) = [3 3%] are disjoint,

we may use Propositions 9.6 and 9.7 to obtain estimates for the dimensions
of F.

For x € [2,4],i =1, 2,

1
=7

: <ISi(x)| = 1
Ol = | —
16 =
It follows from the mean-value theorem that, for x, y € [2,4],i =1, 2,

1 1
T Y= ISi@) =Sl = glx =y,
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10.8

10.9

so in particular S7 and S, are contractions. It follows from Propositions
9.6 and 9.7 that t < dimgF < s, where

2(1/16)" =1 =2(1/4)°;
that is,
ol=dt _ | _pl-2s
Thus t = 1/4 and s = 1/2; that is
1/4 < dimgF < 1/2.

For a real number x and a positive integer Q, the set {rx (modl) : r =
0,1,..., Q} contains Q + 1 numbers in the interval [0, 1], so two of these
numbers will differ by < 1/Q); thus there are integers 0 < r # s < Q such
that 0 < (s —r)x (modl) < 1/Q. Lettingqg = |s —r| wehave 0 <gq < Q
and —1/0Q < gx (modl) < 1/Q so that ||lgx| < 1/0Q.

If x is rational, then ||gx|| = 0 is an integer for infinitely many ¢, and
so |gx]| < q_l infinitely often. If x is irrational, then for each K =
1,2,... we may find, by the above, positive integers gx < K such that
0 < |lggx|l <1/K < 1/gk. Since ||ggx|| #0and 1/K — 0 as K — oo,
there must be infinitely many distinct such gg.

If x" —dy" =1, then

n_ 1 1/n X 1 1/n
in_ (% _ (.1
dn_( ¥ > _y<1 x”) '

Both d and y are positive integers so that x > 1 andhence 0 < 1 — 1/x" <

1. Thus
1 1 1/n
l-— < ( — —) <1
xﬂ xl’l
and so
1/n
n XX YT L x _ 1
d ‘_ (1 n) < — = —=-
y y X yx yx

Since x" = 1+4dy”", and d > 1, we have x > y and so

1
<_n'
y

gim %

y

If x™ —dy" = 1 has infinitely many solutions (x, y), where x and y are
positive integers, then, since it can have only one solution for each value
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10.10

10.11
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of y, it follows that there are infinitely many positive integers y such that
|d'/" — x/y| < 1/y" for some integer x, that is, d'/" is n-well approx-
imable.

For m and n integers, (x, y) € F if and only if (x +m,y +n) € F. Thus
dimy F = dimygG, where G = F N ([0, 1] x [0, 1]).

For each integer g, let G, denote the set of (x, y) € [0, 1] x [0, 1] such
that |lgx|| < ¢'~* and |lgy| < ¢'~®. Then G, can be covered by the
(g + 1) boxes of side 2/g® centered at the points (p/q, p'/q), where
0 < p, p' < gq. We denote this collection of boxes by Cy. Clearly G C
Ug=« G4 and so G can be covered by ;2 Uyec, U- If & is sufficiently
large to ensure that 2+/2/k% < §, then each of the boxes in C,forqg >k
has diameter at most § and so

H3(G) < ) (g + D7 (2V2/q%).

q=k

If s =3/« + € for some € > 0, then

00 00 00
Z(q + 1)2(2\/§/qa)s < 4l+qu2/qas =4H-s Zl/qH-ae < 00
g=1 g=1 qg=1

and so Z;o:k(q + 1)2(2v/2/9%)* — 0 as k — o0o. Since k — 00 as § —
0, it follows that

H'(G) = lim H3(G) =0,

if s > 3/a. Thus dimgF = dimyG < 3/a.

We use the sets of large intersection of Section 8.2. Let

F = {x : x is a-well approximable }
= {x : |lgyll < ¢'™ for infinitely many ¢ }.
Define f;F, fim :[0,00) — R by fir(x)=x"2—m, f7(x) = —x!/? —
m. By Proposition 10.4, F € C*[0, 0c0) for all s < 2/a. Since f,}, f,,
are differentiable with derivative bounded away from O on [m, M] for all
0 <m < M, it follows from Proposition 8.8, by taking a countable union,
that
Fp = {x: (x + m)? is a-well approximable}

= £H(FN[0,00) U £, (FN[0,0)) € C*(—00, ).
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By Corollary 8.7,

dimg{x : (x + m)2 is a-well approximable for all m}

o0
=dimH( N Fm) >
m=—o0

for all s < 2/a.

On the other hand,
dimyg{x : (x + m)2 is a-well approximable for all m}
< dimg{x : x> is a-well approximable } = 2/«
as in Proposition 10.4, so

dimg{x : (x +m)? is a-well approximable for all m} = 2/a.

Chapter 11

11.1 If f’ is continuous on [0, 1] then f/([0, 1]) is bounded. Thus there exists
0 < ¢ < oo such that | f/(r)| < ¢, for each ¢ € [0, 1]. It follows from the
mean-value theorem that, for 0 <t,u <1,

Lf () = fw)] < clt —ul.

Thus (11.2) is satisfied with s = 1 and so it follows from Corollary 11.2(a)
that ! (graph f) < oo.

The graph of f is a continuous curve joining the points in the plane
(0, £(0)) and (1, f(1)). The projection of this curve onto the x-axis is the
interval [0, 1], so H!(graphf) > H'([0, 1]) = 1, by Proposition 2.2 and
(6.1). Thus 0 < H!(graphf) < oc.

To show that the graph is a regular set, we show that the graph is a
rectifiable curve and apply Lemma 5.5. For O=# <t <... <tp, =1
we have polygonal approximations to the length of the graph given by

D o, £@)) = Wiy, 1)
i=1
n 172
=3 (@ =0+ (F@) = f@-1)?)

i=1
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11.2

11.3

Solutions to Exercises

m 1/2 m
=D (6=t + w—5-0?) T = A+ DY~ 1
i=1

i=1
=1+ < .
Hence the supremum of the lengths of the polygonal approximations to

the graph is finite, so graph f is a rectifiable curve in the plane, and so by
Lemma 5.5 is a regular 1-set.

Assume that |f(t) — f(u)| <clt —u| for 0 <t,u <1. Define ¢ :
graphg — graph(f + g) by ¥ (z, g(t)) = (¢, f (1) + g(t)). Then
[ (2, g(0)) — Y, g)> = |(t, f() + g1) — (u, fw) + gw)|*

=t —ul®+ 1) = f)+g@) — gw)?
lt—ulP+21f ()= f @) + 2lg(1) — gw)|?
<clt —ul®+2lg(t) — gw)|?

<ci(lt—ul +1g@) — g

=[(t.8(1) — (u, gu))|*.
Thus i is Lipschitz. On the other hand,

IA

A

[V, () = ¥u, gw)| = [, f(1) +g(1) — (u, f(u) + gu))|
> max{[t —ul, | f () — fu) +g@) — g}
> max{|r —ul, |g(t) — g@)| — [ f(1) — fFa)]}
= max{|t —ul, |g(t) — gu)| — c|t — ul}
= ((c+ Dt —ul + (1g() = g)| = clt —ul)) /(c +2)
= (It —ul+[g(®) — g /(c+2)
= [(t, (1) — (u, gw))|/(c +2),

using that max{a, b} > ((c + 1)a + b)/(c +2). Thus ¢ is bi-Lipschitz,
so that dimggraphg = dimpggraph(f + g), with similar equality for box
dimensions.

If the box dimensions of graphf and graphg exist, then it follows from
Proposition 11.1 that

log N, —logs +1 m—l R .[i8, (i +1)8
dimpgraph f = lim 2% _ Jim —°8°F 082 i=o Rylid, G + D]
-0 —logé -0 —logé
log 370" Ry[i8, (i + 1)3]
—logé

=14 lim
§—0
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and

log Y1 Reli8, (i + 1)8]
—log$ '

dimpgraphg = 1 + alirr})

If dimpgraph f = dimpgraphg + 2¢, for some € > 0, then it follows that
there exists 8o > 0 such that, for all § < Jg,

log 570" Rylid, i+ 181 log Sy Relid, (i + Do]
—logéd —logéd

and hence

m—1 m—1
> Ryl (i + 18] > e 712V Y " Ry[is, (i + 1)8]
=0 i=0

m—1

= (1/8)° Y Rylis, (i + 1)3].

i=0

Now, for any interval [f1, ] C [0, 1],

Ryelt1, ] = Rglt1, 2] < Ryqglti,]l= sup |f(t)+g@) — f(t) — g(?)]

n<t,u<ty

< Rylt1, 2] + Rgl11, 12].

So, for § < &g,
m—1 m—1
(1=8 Y Ry[i8, (i + D81 < Y Ryglis, (i +1)8]
i=0 i=0
m—1
< (1489 ) Rylis, (i + 1)8]
i=0
and hence

10g X770 R pygli8, (i + 1)8] _ log SRS, 0+ 1)8] + log(1 4 89)
—logé -

—logé

_ log 375" Rylid, i + 18] + ¢
- —logé ’

Similarly,

log 110 Ryslid, (i + D81 _ log Y75 Rylis, (i + 1)8] — &°
—logs - —logs$ ’
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Solutions to Exercises

Thus
[ 10g S Ry lis, 18] _ L log 5! RyLiB, (i + 1)8]
5§—0 —logé 50 —logé

and hence dimpgraph(f + g) = dimggraph f.

To see why we must require dimggraph f and dimpgraphg to be unequal,
consider the case when dimggraphf > 1 and g(¢) = — f(¢) so that graph
f + g is a straight line and hence has box dimension one.

Given that (11.3) holds with 1 < s < 2, we have that, for all 7 € [0, 1]
and 0 < & < §p, there exists u with |t — u| < § such that

u t 823 clt —ul*=s
S) — f @) . . | | — elr — w1
t—u [t — u| [t — u|
Hence
— t
i | 27T O Tty — = = o0
u—t r—u u—t

and so the derivative f'(¢) at r does not exist.

This condition (11.3) is satisfied by the Weierstrass function, see the penul-
timate line of the Calculation of Example 11.3, so the Weierstrass function
is nowhere differentiable.

For the self-affine functions f of Example 11.4, note that from (11.9)
there is a number 0 < € < 1 such that m~!t€ < ¢; for all i. Thus, from
the calculation of Example 11.4, dm 1ok < deiy -+ -ciy < Rprllj; . il
for each interval I, ., this interval having length m~*. Thus given
t€[0,1] and 0 < § < 1 we may find an interval / = I;; . ; containing
t and with length |I| = m~k << m~**1, There are points uy,us € 1
with

|f2) — fu)| = Ryl il > dmTIFOk > (gm=1y1=<,

so since either | f(1) — f )| = 31/ w2) = f@nl or |f() = f(u2)] =
%lf(uz) — f(uy1)|, we conclude that there is u with | — u| < & such that
|f(t) — f@)]| > $m<~18'=<. This is condition (11.3) with s = 1 + ¢, so
by the first part of the question, the self-affine function f is nowhere
differentiable.
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11.5 The calculation is similar to that for Example 11.3 and the solution to
Exercise 11.5. Given 0 < h < A™1, let N be the integer such that

ANED < < 37N,

Then

N

1f+m) — f@] <Y 2K sina¥ (¢ + h) + 6k) — sin(h*t + 60|
k=1

- i A=K sin(AK (1 4 h) + 6r) — sin(WFr 4+ 6.
k=N+1
Let g(t) = sin(A*r + 6;), then
g’ ()] = 2*| cos(A*t + 61))| < A*
and so, by the mean-value theorem,

N N
Z)\’(S—2)k| Sin()\.k (t 4 h) 4 ek) _ Sin()\,kt + 0k)| < Z)\’(S—Z)k)\‘kh.
k=1 k=1

Since |sint| < 1 for all real values of ¢, we have

o0 o0
D0 AT sinb (4 h) + 00 — sinFr 00l <= Y 2287,
k=N+1 k=N+1

So,

N 00
IfE+hm) — f@] <Y A5 DRkp g 3 202k

k=1 k=N+1
BAG=DN 93 (=2 (N+1)
ST T

Since A~WV+D < p < AN it follows that

hhl—s 2h2—s
—Al=s + 1= -2 —

lf@+h) — f@)] < I

where ¢ is independent of 4. It now follows from Corollary 11.2(a) that
dimpgraph f <s.



66 Solutions to Exercises
Similar arguments show that,

If(t+h) — £1) = 257DV (sinN (0 + h) + 6) — sin(AV 1 + 6,)))|

b4

—1 o0

< )»(S_z)k)»kh + Z ZX(S_z)k

1 k=N+1
RAG=DIN=1) 25 (=2(N+1)

< +

= 1l 1— a2

AE—2N=s+1 2 E=DN+1)

R B i G Y

»
Il

’

if A~ WNHD < < AN,

We now observe that, since sin is a periodic function with period 27 and is
strictly increasing on (—m /2, 7 /2) and strictly decreasing on (7/2, 37 /2),
then there exists ¢ > O such that, for each 7 € R we may choose H with
1/2 < H < 1 such that |sin(T + H) —sinT| > c.

We note that, if # = A=V, then
WNae+h)+6—0Nt+6) =N =1,
and, if & = A~N*D | then
Wae+h)+6—AVt+600)=2Vh=1"1<1/2,

provided that A > 10. Thus, if A > 10, then, for each r € (0, 1) and each
N, we may choose h with A~ NED < < A=V such that |sin(AN (¢ +
h) 4 6r) — sin(WN (t + h) + 6)| > c.

If A is sufficiently large, then
AG=DN=s+1 93 =2(N+1) 3 (=N

T e B Vo R

El

for all N, and so, for each # € (0, 1) and each N, we may choose & with
ACNHD < < A=N = § such that

[f@t+h)— f()] = AN _ cpA6=DIN 3 > ) 62N 15 > 8275 /2.
It now follows from Corollary 11.2(b) that dimggraph f > s.

11.6 The calculation is similar to that for Example 11.3. Given 0 < & < A™!,
let N be the integer such that

AaWNED < AN,
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Then

N
[fa+m) = f@O < Y 25K gk + 1) — g(3f)]
k=1

o0
+ Y ATk + ) — gl
k=N+1

We note from its zig-zag form that g is a Lipschitz function with
lg(t1) — g()| < |ty — o] forall 1, € R
and so

N N
Do AT GEC + ) — () < Y AP,
k=1 k=1

Since |g(¢)| <1 for all real values of ¢, we have

o0 oo
D ATPgGEE ) — gl < o 20T,

k=N+1 k=N+1
Thus
N 00
IfE+hm) — fO] <Y 2P r g 3 2207 < en?,
k=1 k=N+1

where ¢ is independent of 4. It now follows from Corollary 11.2(a) that
dimpgraph f <s.

In the same way,
Lf(t+h)— f@) = 252NN+ h) — g0V
AE=DN=s+1 93 =2)(N+1)

R B e G Y

’

if A~ WVHD < < AN,

We now observe that, since g is a periodic function with period 4 and
is strictly increasing on (—1, 1) and strictly decreasing on (1, 3), then
there exists ¢ > 0 such that, for each # € (0, 1) and each positive integer
N, we may choose i with 1/2 <ANh < 1 such that |g(AN(t + h)) —
gAWNt)| > c. If A > 2, then this implies that, for each 7 € (0, 1) and each
positive integer N, we may choose i with ACCN*D < i < A=V such that
lgAN(t + h)) — g(WN1)| > c. If A is sufficiently large, then the right-hand
side of the last displayed inequality above will be less than cA¢~2V /2
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11.7

11.8

11.9

Solutions to Exercises

for all N. It then follows from the same inequality that, for each t € (0, 1)
and each N, we may choose & with A=N+D < h < A~N = § such that

|f+h) = FO 2 207N /2 > 82702,
It now follows from Corollary 11.2(b) that dimggraph f > s.

From Proposition 2.3 and (11.2) we see that dimy f () < min{l, dimgF
/2 —s)}

More interesting is the dimension of the subset of graphf given by E =
{(¢, f(t)) : t € F}. Suppose that F C [0, 1] intersects Ns(F) of the §-
mesh intervals. For such an interval I the maximum range R[/] < c82~s
by (11.2). Thus the portion of E above the interval / may be covered by
c8275871 41 = ¢8'= + 1 squares of side 8, so the number of squares of
side § needed to cover E is Ns(E) < Ns(F)(c8'~% + 1). Hence

log Ns(E) _ log N5 (F) log(c8' = + 1)
—logé — —logé —logéd

so taking lower and upper limits as § — 0 gives dimg E' < dimg F' + (s —
1) and dimgE < dimgF + (s — 1).

Define a measure u on graphf by w(A) = LYt €[0,1]: (¢, f@)) € A}
for A C R?, so that for measurable g : R> — R we have f gx)dux) =
) g, f(t))dt. Then

//dlib(cxzd%y) //|(” @) = (u, f )|~ drdu

=//[It —ul? + 7)) — F@)|*1*?dtdu < oo

by the given condition. Since w is supported by graph f, it follows from
Theorem 4.13(a) that dimg(graphf) > s.

Let S be a §-mesh square of D. Then the maximum range over the square
R[S] = sup; e |f (1) — fw)] < 0(8\/5)3_“ where 2 < s < 3. Thus the
portion of the surface F = {(¢, f(t)) : t € D} above the square S may
be covered by ¢(8+/2)3 75871 4+ 1 = c20-9/252=5 4 | cubes of side 8,
so the number of mesh cubes of side § needed to cover F is Ns(F) <
(c2B=9/282=5 L 1)(8~! + 1)2 < 20¢8~* for small §. Hence

log Ns(F) - log(20c6 ™) . log 20c — s log 8
—logs ~ —logs —logé

so taking upper limits as § — 0 gives dimgF' < dimpF <.
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11.10

We now give a surface analogue to Corollary 11.2(b). Suppose that there
are numbers ¢ > 0, §o > 0 and 2 < s < 3 with the property: foreacht € §
and 0 < § < §p there exists u such that | — u| < § and

1f() = ) = 5.

Then s < dimg F where F = {(¢, f(¢)) : t € S}.

To prove this, we note that for a square S of side § the maximum range
R[S =sup, s | f(1) — f)] = c(8/2)*7, so at least ¢(8/2)° 567! =
c25738275 cubes of side § are needed to cover the portion of the sur-
face F above a square S of side §. Thus the number of mesh cubes of
side 8§ needed to cover F is at least (c2°73827%)(872) > ¢2*7357. Hence

log Ns(F) _ log(c2°7367%)  log(c2*~3) — slog$
—logd —logé N —logé

’

so taking lower limits as § — 0 gives dimg F > .

The transformations S; and S, are of the form (11.8) with
m=2,a=1/4, b1 =0,c1 =5/6,ay =—1/4, bp =1/4, c; =5/6.

To verify that the attractor F of S; and S; is the graph of a continuous
function, we must check that conditions (11.9) and (11.10) are satisfied
with S1(p1), S2(p1) and p; not all collinear. We begin by noting that

I/m=1/2<5/6=c1=c;

so that (11.9) is satisfied. Also, p; = (0, b1/(1 —c1)) = (0,0) and pp =

(1, (a2 + b2) /(1 — c2)) = (1, 0), so that S;(p1) = p1 =(0,0), S2(p1) =
(1/2,1/4) and p, = (1, 0) are not all collinear.

We must now check that the fixed points p; and p, of S; and §; satisfy
S1(p2) = S2(p1). We have S»(1,0) = (1/2,1/4), so Si(p2) = S2(p1) =
(1/2,1/4). Thus F is the graph of a self-affine continuous fractal curve.

We calculate that Sy(g) = (1/4,27/8) and S»2(q) = (3/4,5/2) so that E;
may be sketched.

The box dimension of F is given by the formula in Example 11.4:

= 1.737

log(cy + ¢2) 14 log(5/3)

dimgF =1
e + logm log2

to three decimal places.
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The transformations Sy, S>» and S3 are of the form (11.8) with
m=3,a1=1/3,01=0,c1=1/2,a,=-2/3,bp=1/3, ca=1/2
az=1/3, b3=—-1/3, c3 =1/2.

To verify that the attractor F' of Sy, S and S3 is the graph of a continuous

function, we must check that conditions (11.9) and (11.10) are satisfied
with, say, S1(p1), S2(p1) and p; not all collinear. We begin by noting that

I/m=1/3<1/2=c1=cy=c¢3

so that (11.9) is satisfied. Also, p; = (0, b1/(1 —¢1)) = (0,0) and p3 =
(1, (a3 + b3)/(1 — c3)) = (1, 0), so that S;(p1) = p1 = (0,0), S2(p1) =
$2(0,0) = (1/3, 1/3) and py = (1, 0) are not all collinear.

Now note that S1 (p3) = (1/3, 1/3) = Sa(p1) and S>(p3) = (2/3, —1/3) =
S3(p1), so (11.10) is satisfied and so F is the graph of a self-affine

continuous fractal curve. The points on the polygon E; may be calcu-
lated as: (0,0), (1/9,5/18), (2/9,1/18), (1/3,1/3), (4/9,5/18), (5/9, —5/18),

The box dimension of F is given by the formula in Example 11.4:

log(ct + 2 +¢3) log(3/2)
=1+ ==
logm log 3

dimgF = 1 + =1.369

to three decimal places.

Let f : [0, 1] — R be the Weierstrass function. The calculation in Example
11.3 shows that there is a constant ¢ such that | f(t + h) — f(¢)| < ch®*=s
if0O<h<1,so

T
%/_T(f(t—kh) — f()*dr < nt2.

On the other hand, the end of the calculation in Example 11.3 shows that
for some constant ¢ there exist numbers 4 > 0 arbitrarily close to 0 such
that | f(t + h) — f(t)] > c1h?> for all ¢, so for such h

1 T
3T /T(f(t +h) = f(0)2dt = c1h* ™.

By (11.13)

l— 1 (7
log(C(0) — C(h)) = log (Elimmmﬁ / T(f(t +h) — f(t))zdt> .

Hence
= log(C(0) — C(h)
limy_,g——m— =

4 —2s.
logh
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Chapter 12

12.1

12.2

12.3

12.4

In a similar way to Proposition 12.2, let F be an irregular 1-set in the unit
square such that projyF contains the interval [0, 1] of the x-axis. Define
a mapping ¥ : [0, 1] x [0, 1] = R? by ¥ (x, y) = (x(1 + y»)/2, y). It is
easy to see that i is bi-Lipschitz and continuously differentiable, so ¥ (F)
is an irregular 1-set. (Such maps preserve irregularity, see for example,
Exercise 5.2.) For all 0 < d < 1, there is a point (d, b) € F for some b,
so there is a point (d(1 + bH2 by € Y (F), that is a point (a, b) € ¥ (F)
with a = d(1 4+ b*)'/2, that is with a/(1 + b*)/? = d.

By Proposition 12.1(b) the line set L(y(F)) has area 0. However, the line
y = a + bx is at perpendicular distance a/(1 + b*)!/? from the origin, so
since there are points in ¥ (F) for which this expression takes all values
in [0, 1], the set L(¥(F)) contains lines at all perpendicular distances
between 0 and 1 from the origin, as required.

The mapping ¢ : R> — R? given by ¢(r,8) = (1/r,6) transforms a line
at perpendicular distance R from the origin to a circle of radius 1/R
through the origin. Thus, taking E = L(y(F)) to be the set of the last
exercise, ¢ (E) contains a circle of radius 1/R through the origin for all
0 < R < 1. Clearly, ¢ maps sets of area O to sets of area 0, so ¢(E) is
a set of area O containing a circle of every radius > 1. Taking a union
UZOZI %qﬁ(E), where %qﬁ(E) is the set ¢ (E) scaled about the origin by a
factor %, we get a set of zero area containing a circle of every positive

radius.

This is a variation of Proposition 12.2. Let F' be any irregular 1-set such
that the projection onto the x-axis contains the unit interval [0, 1]. By
Proposition 12.1(b) the line set L(F) has area 0. The line L(a, b) given
by y = a + bx cuts the y axis at a = proj(a, b), so since [0, 1] C proj, F,
the line set L(F) contains lines cutting the y-axis at every point of the
interval [0, 1]. Taking a countable union of translates Uff:_oo(L(F )+
(0, n)) gives a set of area 0 containing a line cutting the y-axis at each of

its point, which is essentially the required set.

This is an extension of the second part of Proposition 12.2. Writing
L(a, b) for the set of points in the plane on the line y = a + bx, let
E ={(a,b): L(a,b) C F} so that F D L(E). Then, since F contains
a line in every direction ¢ for 6 € A, proj, ,E D {tan6 : 6 € A}. Thus
dimy E > dimyproj, , E > dimgA. By Proposition 12.1(a),

dimyg F > dimgL(E) > min{2, 1 4+ dimgE}
> min{2, 1 + dimgA} = 1 + dimygA.
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12.5

12.6

12.7
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Let A be a Borel subset of R? of area a. For each 6 € [0, ) define
Ap to be the set (1+c¢2)~'(Ag N L,), where ¢ =tan6, L. is the line
x = ¢, and we have scaled the set Ay N L. by a factor (1 + P By
Theorem 6.9 there is a compact set F C R? such that proj, F D Ag for all
6 and L' (proj, F) = L!(Ag) for almost all 6. By duality, writing L(F) for
the line set of F', we have L(F) N L. is congruent to projy F'. It follows that
for all ¢ we have L(F)N L. > ANL. with LY(L(F)NL,) =LY AN
L) for almost all ¢, so we have L(F) D A and on integrating L3(L(F)) =
L?(A), as required.

Note that if u is supported by F then f(z) = fF(z — w) " 'dpu(w) is ana-
lytic at z € C\ F. Thus for F to be removable, there would have to be
an analytic function f (z) with f(2) = f (z) for z € C\F. In particular, by
Cauchy’s identity, for every contour C we would require

~ du(w) dz
f F2)dz = / F)dz = / / dz = / / di(w)
c c cJr (z—w) FJc @Z—w)

= / 2ridu(w) =2wip(F) > 0,
F

provide C encloses F. By Cauchy’s theorem, f (z) cannot be analytic on
any domain containing C, so F is not removable.

If 1 < dimgF, Theorem 4.13(b) gives a mass distribution © on F and a
constant M such that f Iz — w| Mdu(w) < M for all z € R2. Identifying
R with C gives

‘/ dpw) | _ du(w)<M

z—w)| ~J lz—w| —
so by the first part, F' is not removable.

Let F = {x{, ..., xx} be a finite subset of C. Let V be an open domain
containing F and let f be a bounded analytic function on V\F, say
|f(z)| <M. Let C be a contour in V enclosing F. Given € > 0 let
Ci, ..., Ck be contours with centres xp,...,x; and radii €; we may
assume that € is small enough so that the contours are disjoint. By
Cauchy’s integral formula,

1 f (w)d w f(w)dw
floy= o [ 1w z fdw
27ni Jo z— i Jo; 2w
for z inside C but outside all of the C; (to see this make cuts to join the
contours C; to C to form a single contour). Thus

1 M2me

Jwdw) s~ 1 Mame
- 2w d(z, Cj)

1 fw)dw 1
‘f(z) —‘52— —

2 c Z—w 2
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12.8

12.9

12.10

where d(z, C;) is the distance from z to the contour C;. Letting € — 0
gives that

Fo) = [ Lwdw

27i Jo z—w

But this defines an analytic function throughout the interior of V including
at the points x;, so this formula defines the required analytic extension

of f.

Note that a slight modification of this proof shows that any compact set
F with H!(F) = 0 is removable.

To see that the unit circle F is not removable, consider the function on
C\F given by f(z) =21if |zl <1 and f(z) =1/z if |z] > 1. Then f is
analytic and bounded on C\F, but clearly has no analytic extension to
any region containing F since such an extension would be discontinuous
on F. Thus F is not removable.

Define a function g by taking g(¢) to be the point x € graphf such that
graph f has a line of support with slope ¢ at x; then g is defined on
some maximal sub-interval I of (—mx /2, w/2). For each x € graphf, we
have that g~!(x) is a closed interval, which is a single point if and only if
graph f has a unique tangent at x, that is if and only if f is differentiable at
x. For each k define the set Ay = {x : g~!(x) is an interval of length >
1/k}. Then since the intervals g~!(x) and g~'(y) are disjoint if x #
y and g_l(R) =1C (—n/2,7/2), it follows that A, contains at most
7/ k points, so in particular Ay is finite. The set of x at which f is not
differentiable is | ;= Ax which is therefore either finite or countable.

The function f :R?* — R given in coordinate form by f(x,y) = |x| is
easily seen to be convex, with set of non-differentiability the y-axis, which
has Hausdorff dimension 1.

The Weierstrass function f : R — R given by (11.4) is continuous but
nowhere differentiable, see Exercise 11.4, so the function g : R2 >R
given by g(x, y) = f(x) is nowhere differentiable on the plane, i.e. the
non-differentiability set has Hausdorff dimension 2.

Let G be a subgroup of (R, 4+). We have two cases:

(i) For all € > 0 there exists x € G N (0,€). Then for all y € R and
€ >0 we have nx € (y — €,y +¢€) for some integer n, and also nx €
G, as an n-fold sum of x or —x. Hence the set of elements of G is
dense in R. Thus for every interval [a, b] we have dimp(G N [a, b]) =
dimp (G N [a, b]) = dimp[a, b] = 1, using proposition 3.4. (In any mean-
ingful sense dimgpG = 1 also, though we have not defined box dimension
for unbounded sets.)
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(ii) There exists € > 0 such that G N (0, 2¢) = @. Then for all y € R the
interval (y — €, y + €) contains at most one element of G (if it contained
two such elements their difference would be in (0, 2¢). It follows that for
every interval [a, b] the set G N [a, b] is finite, so that dimg (G N [a, b]) =
0, using Proposition 3.4. (In any meaningful sense dimg G = 0 also, though
we have not defined box dimension for unbounded sets.)

For 0 <t <2 let F be the set in Example 12.4 with s =1¢/2, so
that F = Uf’;l F, is a subgroup of R with dimgF = s and dimgF, =
dimp F = s (from Example 4.7). Consider F' x F.Then F' x F is a group,
with (0,0) € F x F, with (x1, y1) + (x2, y2) = (x1 +x2, y1 + y2) € F X
F whenever x1, y1, x2, y2» € F, using the group properties of F, and with
—(x,y) =(—x,—y) € F x F whenever x,y € F. By Product formula
7.2 and 7.3 dimg(F, x F,) =2dimgF =1t¢, so as F x F = Uf’;l(Fr X
F,), we have that dimy(F x F) =t. Thus F x F is a subgroup of R2
with dimg(F x F) =1t.

Chapter 13

13.1

Let f(x) =2(1 —|2x — 1]),soif x < 1/2,then f(x) =2(14+2x — 1) =
4x,and if x > 1/2, then f(x) = 2(1 —2x 4+ 1) = 4 — 4x. Note that f has
a maximum at x = 1/2 with f(1/2) = 2.

We note that there are two branches of f —1 defined on [0, 1]. It follows
from the definition of f that these are the two functions St, S> : [0, 1] - R
defined by

X X

Si0) =7 S =1-7.
These functions satisfy f(S;(x)) = f(S2(x)) = x, for x € [0, 1]. Also, S
and §; are both contractions, since |S; (x) — S;(y)| = |x — y|/4, for x, y €
[0,1]and i = 1, 2, and so it follows from Theorem 9.1 that there is a com-
pact set F satisfying F = S1(F) U S2(F) given by F = ﬂ/?io sk(o, 1D.
Clearly F is invariant for f since f(F) = f(S1(F))U f(S2(F)) =F U
F=F.

We now show that F is a repeller for f. We begin by noting that, if
x < 0, then f"(x) > —o0 as n — oo0. Also, if x > 1, then f(x) < 0 and
so f"(x) - —oo as n — oo. Thus any repeller for f must be contained
in [0, 1]. If x € [0, 1]\ F, then, for some positive integer k, x ¢ Sk([(), 11
and so f¥(x) ¢ [0, 1]. Thus f"(x) - —oo as n — o0, for any x ¢ F, and
so F is indeed a repeller for f.

We now show that f is chaotic on F by denoting the points of F by
Xitsigo. = [ee1 Siy © Siy -+ 8i, ([0, 1]) with ij = 1,2. We begin by not-
ing that [xi, iy, = X7 | <475 0f Gi,..o i) = (..., ip) and that
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13.2

f(Xiyir,...) = Xiyi5,.... Now suppose that the sequence (iy,iz,...) is an
infinite sequence with every finite sequence of 1s and 2s appearing as a
consecutive block of terms. In this case, the orbit { f k (Xi,.ir,...)} is dense
in F since, if x;s ;1 € F and g € Z7, then there exists k € Z* such that

(ii’ cee i;) = (ik+1, ..., ik+q) and hence

k —
L5 i) = Xy, L = Wi, = X, | <477

Now let x;, j,,... denote any point in F. The point x;, i ii.....icif,... 18 @
periodic point of f in F and
—k
Xy g = Xig, iy gy 47T

Thus the periodic points of f are dense in F.

Finally we show that the iterates of f have sensitive dependence on initial
conditions. Again, let x;, ;,,.. denote any point in F and let Xjt it be
another point in F with (i1, ... ,ix) = (i}, ... ,i;) butir # i,’(+]. One of
fk(xl-l,,-%_), fk(xi;,ié,...) belongs to [0, 1/4] whilst the other one belongs
to [3/4, 1]. Thus

k k
|f* iy ig,) = G D12 1/2
even though
—k
|xi1,i2,... - xii,ié,,,,l =< 47",

F is the attractor of the similarities S; and S, given above, which have
ratios ¢; = ¢cp = 1/4 and satisfy the open set condition (9.11) with V =
(0, 1) (since the sets S;(V) = (0, 1/4) and S>(V) = (3/4, 1) are disjoint
and contained in V). Thus it follows from Theorem 9.3 that dimgF =
dimp F' = s, where s is given by

2

1= "¢ =2(1/4)".

i=1
Thus s log(1/4) = log(1/2) and so
_log(172)  log(1/2) 1

s = = = —.
log(1/4)  log(1/2)2 2

Inverting each of the three parts of the mapping defining f we get an
associated IFS {51, S», S3} on [0, 5] by taking

1 1 1
S1(x) = gx, Sr(x) =2 — gx, S3(x) =2+ gx.

Then f(S;(x)) = x fori = 1,2,3 and x € [0, 5].
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The S; are contracting similarities, so the IFS has an attractor F satis-
fying F = S1(F) U S2(F) U S3(F), with F = (32, S¥([0, 51). From the
definition of the S; as the branches of f~!, we see that f(F) = F. To
see that F' is a repeller for f, note that if x > 5 then f(x) =5x — 10 =
3x +2x — 10 > 3x, so fk(x) > 3Kx — 00, and if x < 0 then f(x) =5x
so fX(x) <5%x — —oco. If x €[0,5]\ F then x ¢ (2, SX([0, 51), so
that f k(x) ¢ [0, 5] for some positive integer k, so either f k(x) = oo or
f*¥(x) = —oo. Thus all points outside F are iterated to o0, so F is a
repeller.

The open set condition holds for the IFS {S1, S», S3} taking (0, 5) as the
open set, with S1(0, 5) = (0, 1), $2(0, 5) = (1, 2), $3(0, 5) = (2, 3); since
each S; is a similarity of ratio 1/5, Theorem 9.3 gives that dimgF = s
where 3 x 579 =1, that is s = log3/log5.

This is similar to the argument for the logistic map for large A. Assuming

A > 1, Write a = %Sin_1 1 50 that Jf>. maps each of the intervals [0, a]

*
and [1 — a, 0] monotonically onto [0, 1]. Inverting the restriction of f; to
each of these intervals we get an associated IFS {S;, S2} on [0, 1] given by
1

1 . _x . _
Sl(x)zgsm o Sz(x)zl—;sm

Then f(S;(x)) = x fori = 1,2 and x € [0, 1].

lx
)\'.

Differentiating, |S/(x)| = 7~'(3* —x?)71/2, for i = 1,2, so using the
mean value theorem.

1 . |Si (x) — Si (y)] / 1
—=inf |S/(x)|< —— 2 < sup [S/(¥)] = ———x (%)
A xelo1] lx — yl xel01] T/A2—1
for x # y. In particular, if (1 +7 Y2 <), S and S, are contrac-

tions, so the IFS has an attractor F satisfying F = S| (F) U S>(F) with
F = ﬂ,fozo Sk ([0, 17). From the definition of the S; as the branches of the
inverse of f, we see that f, (F) = F. To see that F is a repeller for f;,
note that if x € [0, 1]\ F then x ¢ (7, Sk([0, 17), so that f/\k(x) ¢ [0, 1]
for some positive integer k. Thus all points outside F are iterated to outside
[0, 1], so F' is a repeller.

Since S1([0, 1]) and S>([0, 1]) are disjoint, Propositions 9.6 and 9.7 give
s < dimygF < t, where

2N =1=2x02 -/
by (x), giving
log2/log(r) < dimgF < log2/log(m(x* — 1)1/?).

Thus when A is large, dimg F =~ log?2/log(wA).
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n+1

13.4  Suppose that f;'(x) — [ as n — oo. Then f;'" (x) — [ as n — oo. Since

13.5

1 (x) = A0 = f(x)),

it follows that [ = AI(1 —[). Thus either [ =0 or 1 = A(1 —[); that is,
either/=0or/=1—-1/Xr.

If x € (0, 1), then
1
0< fipkx)= Ex(l —x) < x/2.

Thus fl"/z(x) is a decreasing sequence converging to 0.
Note that f(x) = 2x(1 — x). Thus, if x € (0, 1/2), then
x < fHlx) < 1/2.

Thus f5'(x) is an increasing sequence which is bounded above. It follows
that f3'(x) converges, so from the first part of the question, that f3'(x) con-
verges to 1 — 1/ =1/2.If x € (0, 1/2), then 0 < fo(x) < x and f}'(x)
increases to 1/2 =1—1/A. If x € (1/2, 1), then f(x) € (0, 1/2) and so
/5 (x) also converges to 1/2. Finally, f>(1/2) = 1/2 and so f,'(1/2) triv-
ially converges to 1/2.

Finally, we consider fs4. We note that O is an unstable fixed point of f
(since f4(0) =0 and f;(0) =4 > 1) and so, if f;'(x) converges to 0, then
there must be some integer m for which f;"(x) = 0. Now f4(1) = 0 and
f4(1/2) =1 so that f42(l /2) = 0. There are no other non-zero preimages
of 0 and 1 under f; and hence 1/2 is the only non-zero preimage of 0
under f42. If 0 < x < 1, then there are exactly two points in (0, 1) which
map to x under f4. Thus, for each positive integer k, there are exactly
2% points in (0, 1) which map to x under ff and hence to 0 under ff“.
These are the only points which converge to 0 under iteration.

Similarly, 3/4 = 1 — 1/ is an unstable fixed point of f4 and so, if f;(x)
converges to 3/4, then there must be some integer m for which f;"(x) =
3/4. For each k, there are exactly 2% points in (0, 1) which map to 3/4
under fi‘ and hence converge to 3/4 under iteration.

We have shown that there are countably many points x € (0, 1) for which
fi(x) — 0 as n — oo and countably many points x € (0, 1) for which
fi (x) — 3/4 as n — oo. This leaves infinitely many points x € (0, 1) for
which f;'(x) cannot converge (since any convergent sequence of iterates
must converge to either 0 and 3/4).

(i) We use proof by induction. If kK =0, then x; = %(l — exp(2ka)) =
%(1 —expa) = x. Thus the formula is correct for k = 0. If the formula is
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correct for k, then

Xi+1 = f2(xk) = 2x (1 — x)
=2(1/2)(1 — exp(2¥a))(1 — (1 — exp(2*a))/2)
= (1 — exp(2¥a))(1/2 + exp(2¥a) /2)
= (1/2)(1 — exp(2*a))(1 + exp(2“a))
= (1/2)(1 —exp(2**'a)).

Thus, if the formula is correct for k, then it is also correct for k + 1.
Since we have shown that the formula is correct for £k = 0, it follows by
induction that the formula is correct for all k.

(i) We will use proof by induction. If k = 0, then x; = sin®(a) = x.
Thus the formula is correct for £k = 0. If the formula is correct for k, then
Xi+1 = falxr) = 4x (1 — xg)

= 4sin®(2*7ra)(1 — sin? (2% a))

= 4sin®(2*a) cos? (¥ a)

= [2sin(2*7a) cos(2*ma)]?

= sin2(2k+lna).
Thus, if the formula is correct for k, then it is also correct for k 4 1.

Since we have shown that the formula is correct for k = 0, it follows by
induction that the formula is correct for all k.

Ifa=0-aja;... in binary form, then
w20k w2
xx =sin“(2°mwa) =sin“(a1az ... ag - Ag41 . .- T)
= sin®(0 - apqq ...7)

using the periodicity of the sine function. So, if a =0-a;...apa; ...
apai ..., then

Xp = sin?(0 - a ...Apay ...Apd)...T) = X;
. p _
that is, f; (x) = x.

We must now show that it is possible to choose ay, ... , a, in such a way
as to ensure that the periodic point x is unstable; that is, |( f4p )Y (x)| > 1.
Now

p—1
(£D) ) = ] facsion,

i=0
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by the chain rule, and, for any X, we have f4(X) =4x(1 —x) so that
fi(®) =4 — 8%. If & = sin®(a’), then

f4(®) = 4(1 — 25sin*(wa)) = 4cos(27a).
Thus

P
(f)) @) =47 [Jcos0-a;...apar...apar...m).
i=1
If p is odd, then we put
ai...a, =1010...101

and, if p is even, then we put

ap...ap =11010...101.

It
0-ai...apay...apay...w >0-101r = 57/8
or
0-ai...apay...apay... 7 <0-011r = 37/8,
then
cos(0-aj...apay...apay...w)| > |cos(3m/8)| = |cos(5m/8)| > 0.38.
Otherwise, 0-a; ...apay ...apay ... is close to /2 and

cos(0-aj...apay...apay...w)cos(0-ajy1...apay...apay...m)|
> |cos(0-011101...m)cos(0-11101m)]
> |cos(0-01111m) cos(0- 111m)|
= | cos(15m/32) cos(7m/8)| > 0.098 x 0.92 > 0.09.

Now (0 -38)? > 0-09 and hence
(D) ()] > (0.097? x 47 = (1-2)? > 1
as required.

Finally, we show that f; has a dense orbit. Suppose that (aj, az,...) is
an infinite sequence with every finite sequence of Os and 1s appearing as
a consecutive block of terms. We claim that the orbit { ff (x)} is dense
in [0, 1], if x = sinz(ym), where a = 0-ajay.... To show that this is
true, we take another point x’ € [0, 1] with x” = sin?(a’), where a’ =
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0-aja) ... in binary form. For each positive integer ¢, there exists k such
that (af, ... ,a;) = (Ak41, - - - , Ak+q)- Thus
IfE(x) = x'| = |sin(0 - qgy 142 . .. 7w) — sin*(0 - a}d)y ... 70)]
= |sin®((d’ + €)7) — sin’(a'7)|,
where |e| < 279. Since we can choose ¢ to be arbitrarily large, it follows

that the orbit { ff (x)} comes arbitrarily close to the point x’.

Let f : E — E be given by

2x, Ay) (O <x < l)

f(x, y) = 1

2x =1, ny+1/2) (5 <x < l)

where 0 < A, u < 1/2, and let Ex = fX(E). Then Ej is a decreasing
sequence of sets and F = ﬂ,fio Ey satisfies f(F) = F. Each set Ej
is made up of 2% horizontal strips of height at most MX, where M =
max (XA, n). Thus F is made up of horizontal lines with at least one line
in each strip of E. If (x, y) € E, then fk (x,y) € E and so the distance
of fK(x,y) from F is at most M*. Since M < 1/2, it follows that every
point in E is attracted to F.

We now find the Hausdorff dimension of F. We begin by noting that
0,11 x F; C F C [0, 1] x Fy, where F| is the attractor of the mappings
S1, 82 : [0, 1] — R defined by

S1(y) = Ay, S2(9) = puy +1/2.

Now S7 and S are contractions with ratios A and p. Since they also satisfy
the open set condition (9.11) with V = (0, 1), it follows from Theorem 9.3
that dimyg F; = dimg F; = s, where s is given by 1 = A% + u*. It follows
from Corollary 7.4 that

dimyg((0, 1] x Fy) =dimyg([0, 1] x F1) =1+
and hence, by monotonicity, dimgF = 1 + s, where A* + u* = 1.

It may be verified computationally that the four sides of the quadrilateral
specified are mapped onto parabolae which lie inside the quadrilateral.

Iterates of a typical point give a plot similar to Figure 13.8.

This is very similar to the argument for the solenoid in Section 13.4. With

f(¢, w) = Bp(mod2n), aw + 1),
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we see that fX(D) is a solid tube of radius a* going round D 3* times.
The set F = (72, fX(D) is compact and invariant under f and attracts
all points of D.

To find the dimensions of F, let Py be the half-plane bounded by the
central axis L and cutting the central circle of D at (¢, 0). Then f ko)
is a smooth closed curve traversing the torus 3% times with total length at
most 3%c, where c is independent of k. The set f¥(D) is a fattening of the
curve fX(C) to a tube of radius a*, so it may be covered by a collection
of balls of radii 2a* spaced at intervals a* along f¥(C). Then 2 x 3¥ca=*
such balls will suffice, so applying Proposition 4.1 in the usual way, we
get dimyF < dimgF < 1 —log3/loga.

For a lower estimate, we consider the sections F N Py for each ¢. The
set f(D)N P, contains three discs of radius a situated symmetrically
with centres at least % apart. Each of these discs contains three discs of
fXD)nN Py of radius a® with centres at least %a apart, and so on. Thus we
may regard F' N Py as formed by a standard nested construction, the kth
stage consisting of 3% discs of radius ¥ with centres separated by at least
%ak_l. We may define a mass distribution © on F N Py such that each
of the 3% level-k discs has mass 3. A standard application of the mass
distribution principle gives that dimpg(F N Py) > —log3/loga. Since F is
built up from sections F' N Py (0 < ¢ < 27), a higher dimensional version
of Proposition 7.9 gives that dimgF > 1 —log3/loga, so that dimy F =
dimpF =1 —log3/loga.

The chaotic behaviour of f may be examined by noting that if
¢/2m =0.a1as ... to base 3, then fX(¢p, w) = (¢, vr), Where ¢y /27 =
0.ax+1ak4+2 ... and where the integer with base 3 representation
ayag—1 - ..ag—qg+1 determines which of the 3¢ discs of fd(D)ﬂP¢k
the point v; belongs to for d < k. By choosing digits ay, as, ... suit-
ably, it is easy to produce orbits that are dense in f or which are
periodic.

13.9 Suppose that x = f(¢) + € for some € # 0. Then

h(t, x) = (A, 2275 (x — g(1)))
= (A, A2 (e + £(1) — g(1)))

- (xz, A2S (e + Z )\(S—2>kg(,\’<z)>)

k=1

x
- (m, A2 e + Z,\ﬁf—zxk—”g(x’%))

k=1
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o0
— ()\.t, )\,2_S€ + Z )L(S—z)kg()\'k'i-]t))

k=0
= (A, A2 e + f(AD).

So, if (¢, x) is at a vertical distance € from graphf, then h(¢, x) is at a
vertical distance A>~S¢ > ¢ from graphf. It follows that the distance of
h"(t, x) from graph f tends to infinity as n — oo and so graph f is indeed
a repeller for & as claimed.

With the notation of Section 10.1, take u to be the probability measure
P on [0,1] defined in (10.2). With F = F(pg, ..., pm—1), Proposition
10.1 showed that P(F) = 1 and that dimgF = —(Z;”:_Ol pilog pi)/logm
which is strictly < 1 provided that the p; are not all equal, giving by
(13.16) dimgP < dimygF < 1. However, F is dense in [0, 1], so that
dimgsptP = 1, giving dimyP < dimysptP, as required.

Differentiating f we see that the Jacobian matrix of f is

A (11
J=a<x,y>_(1 2)

at all (x, y) such that f(x, y) is not on the boundary of the unit square
E. Since the determinant of J is 1, the map is area preserving.

The eigenvalues of J are (3 & +/5)/2, so we may choose orthogonal axes
such that, with respect to these axes, J is represented by the diagonal
matrix ( B ++/5)/2 0

0 (B —+5)/2

of the kth iterate f* is J*, which with respect to these axes is

). By the chain rule, the derivative

( (3 +/5)/2)k 0 )
0 (3 —=~/5)/2)F

at all (x, y) such that f7(x, y) is not on the boundary of the unit square
E for all j =1,2,...,k, which is the case for L£2-almost all (x,y) €
E. Tt follows from (13.9) that, for almost all (x, y), the Liapunov expo-
nents are

log(3++/5)/2 and log(3 — v/5)/2,

and thus these values are the Liapounov exponents of the cat map.
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Chapter 14

14.1

14.2

14.3

14.4

We may choose distinct points x1,x» € E and a number 0 < r; < 21
such that the discs B(x1,r1) and B(xp, rp) are disjoint. Since x; and x>
are not isolated, we may, for i = 1,2, choose x;1,x;2 € EN B(x;, r1)
and a number 0 < r, < 272 such that the discs B(x;1,r2) and B(x;2,72)
are contained in B(x;, r1) and are disjoint. Proceeding in this way, we may
find distinct points x;, ;,.... i, € E and discs B(x;, j,,... iy, 7't) Withrg < 2k
such that B(X;, ... .i;.1 Tk+1) and B(x;, i,,...i,.2.7k+1) are disjoint sub-
discs of B(xj, iy,....ixs Tk)-

For every infinite sequence iy,i2,... of 1Is and 2s, let x; ; . =
ﬂ;’io B(xi, iy,....i» '), Which is a single point as the intersection of
closed discs of radii tending to 0. Since E is closed, x;, ;,,.. € E as the
limit as k — oo of x;, 4, i, € E. Moreover, the x;, ;, .. are distinct, for
if i1,00, ..., ik—1, ks lgt1, ... and i1, 02, ..., ik—1, Jk» Jk+1, ... are dis-
tinct sequences of 1s and 2s with iy # ji, then X; iy, . i 1iricer,... €
B(xil,iz,...,ikv rk) and Xi 1,02 eee ik 1o Jls Jkt 15 eee € B(xil,iz,...,ik,],jka Vk) are in
distinct level k discs. There are uncountably many sequences iy, i2, ...
(such sequences are in correspondence with real numbers in [0, 1] numbers
expressed to base 2), so there are uncountably many points x;, ;,,.. € E.

yeen

We use the fact that, if f(z) = (¢?z> + 2Bz + B>+ c — B)/a, then
J(f)=h"'(J(f), where fo(z)=2>+c and h(z) =az+B, see
Section 14.2. Here f(z) = z> 4+ 4z + 2 and so o?/a = 1, 2af/a = 4 and
B2+c—p)/a=2. Thus a=1, =2 and c=2+8—-p%2=0. So
fo(z) = 7% and hence J (f,.) is the unit circle. Since 11 (z) = (z — B) /o =
z — 2, it follows that J(f) is the circle of radius 1 whose centre is at —2.

We recall from Section 14.2 that if h(z) =az+ B and f(z) =
h=1(fe(h(z))) then J(f) = h='(J(f.)). Taking h(z) = z +iso h™'(z) =
z — i, this gives that the Julia set of f(z) = (z +i)> 4+ ¢ —i = 2> + 2iz —
14+ c—iis J(f;) —i, which is congruent to J(f.). This Julia set is con-
nected if and only if ¢ € M, thus the Julia set of f(z) = 2 42iz+bis
connected if and only if c € M where b = —1 + ¢ — i, that is if and only
iftb+1+ieM.

1 1
If |c] < 1 and |z] < 3 then

2
ol =14l < 2+ el < (1> SRR
2 4 2
Thus if |z] < % then, applying this inductively, | ff @) < % forallk € Z+.
In particular, |ff(z)| + 00, so z € K(f,), the filled in Julia set. Thus
B(0, 5) C K(fo).
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On the other hand, if |c| < % and |z| > 2, then

) ) 1 3
[fe@|=1z"+c| = |z]” = lc| = 2|z = || = 2|z| = EIZI = EIZI,
since |z| > 2 > 2|c|. Applying this repeatedly, if |z| > 2 then |fo‘(2)| >
%Iff_l(z)| > ... > (%)klzl > 2(%)" — 00. We conclude that if |z| > 2
then z ¢ K(fc), so K(f.) C B(0,2).

From B(0, %) C K(f:) C B(0,2) we conclude that the Julia set, which is
the boundary of K (f.), lies in the annulus B(0, 2)\ B°(0, %).

The fixed points of f are given by f(z) =z> —2 =1z, s0 are z = —1, 2.
Since f'(z) =2z we have that | f'(2)| =4 > 1, so 2 is a repelling fixed
point.

By Theorem 14.10, 2 € J(f), so by Corollary 14.8(b), J(f) is the closure
of U2, f7K2). If w e [-2,2] then f~'(w) = (w +2)!/? € [-2,2], s0
f~*(w) € [-2,2], and in particular f~*(2) € [-2,2], for all k € Z*.
Thus J(f) is contained in the closure of [—2, 2], that is J(f) C [-2, 2].

Now observe that f(0) = —2 and fZ(O) = f(—2) = 2. Since 2 is a fixed
point of f, it follows that fX(0) =2 for k =2,3,..., so f¥(0) 4 oo.
Thus —2 € M by Theorem 14.14, so the Julia set J(f) is connected. But
2 e J(f)and —2 € J(f) (since f’1(2) = {2, —2}), and the Julia set J(f)
is a connected subset of the interval [—2, 2] containing its endpoints —2
and 2, so this requires J(f) = [-2, 2].

For z € C we have f.(—z) = fo(2), so f¥(—z) = fX(z) for all k € Z*.
Thus ff(—z) — oo if and only if fcf‘ (z) = 00, so that —z € K (f,) if and
only if z € K(f.). Thus the filled-in Julia set K (f.) is symmetric about
the origin, and its boundary, the Julia set J(f;), is also symmetric about
the origin.

Let ¢ be real with ¢ > %. Then fck(z) is real for all k € ZT and real z. In
particular, for real z,

1\? 1 1
fc(Z)_Z=Z2+C—Z=(Z—§> +<C_Z>Z<C_Z>'

Applying this repeatedly,

fk(z)>z+k<c—l)—>oo
c — 4 :

We conclude that z ¢ J(f,) if z is real.
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14.8

14.9

The Julia set J(f,) is non-empty (by Proposition 14.2) and symmetric
about the origin (by Exercise 14.6), so there exists z € C with z, —z €
J(fc). Since J(f.) contains no points on the real axis and z and —z lie
on opposite sides of the real axis, J(f.) is not connected. Thus by (14.4)
c¢ M.

The fixed points of f = f, are given by z2 4+ ¢ = z, thatisz> —z + ¢ =0
orz = %(1 + (1 — 4¢)'/2). The sum of these two distinct roots is 1, so we
may choose one of the fixed points w = %(1 + (1 —4c)l/?, say, with
lw| > % Thus | f'(w)| =2|w| > 1, so w is a repelling fixed point. The
number w is real if and only if (1 — 4¢)'/2 is real, which is not the case
if ¢ is non-real. Hence f/(w) = 2w is not real.

We know from Theorem 14.16 that if |c| < }T then the Julia set J = J(f)
is a simple closed curve. Suppose that this curve J has a tangent at w.
Since f(w)=w and f(J) =J, and f is analytic near w, f maps a
neighbourhood of J containing w to a neighbourhood of J containing w.
To a first order approximation (considering the Taylor series expansion of
f around w), we have

fw+2) = fw)+ f(wz+ 0@ =w+ f(wz+ 0.

In particular, f maps the tangent to J at w, which may be written paramet-
rically as {w + tzp : t € R} near w, onto a smooth curve that is tangential
to J at w of the form {w + tf’'(w)zp + O(t%) : t € R}. This is only possi-
ble if this curve is tangential to the original tangent at w, that is if f/(w)
is real.

We conclude from the first part that if ¢ is a non-real number with |¢| < %
then f’'(w) is not real, so J does not have a tangent at w.

If J contains an arc A, then we may find n € Z* such that f"(w) is a
interior point of the arc A, by Corollary 14.8. But f” is a smooth locally
bijective mapping that maps a non-differentiable arc of J containing w
into A, so that A cannot be differentiable.

If ] < }T and |z| < %, then using the triangle inequality

1 1

l 2
1fe@l =122 + ¢l < Iz + el < <§> tiTy

If |c] <1, applying this inductively gives | ka O < % for all k e ZT.
Thus £¥(0) / oo, so ¢ € M. Thus B(0, ) C M.
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14.10 If |c+ 1| < 55, we note that |c| < . Thus if |z| < {5, then using the

triangle inequality
|fe(fe@] = 122+ )% + | = 2% + 22 + clc + 1)
< lzl* + 2lellz* + lelle + 1]

(1 4+221 1 2+211 1
— — | = — < —.

=\10 20 \ 10 2020 10
1

Thus if |c + 1| < 5; then, applying this inductively, | ffk )| < % for all
k € Z*. Thus f¥(0) /> oo, so ¢ € M. Thus B(—1, 55) C M.

14.11 We have

Ife@] = 2>+ ¢ = |z1* = |e| = 2] <|z| - %) > 7|2 +¢€— 1)

> [z|[(1 +e),

provided that |z| > max{2 + €, |c|}.

If |c| > 2 we may choose € > 0 such that |c| > 2+ €, so noting that
f¢(0) = c and applying the above estimate inductively,

1 FE0) = (1 + e)¥|c| — oo.

Thus ¢ ¢ M by Theorem 14.14.
14.12 If ¢ is such that | ka (0)| > 2 for some k, then either
(i) |c] > 2 so ¢ ¢ M by Exercise 14.11, or

(i1) |c|] <2, and we may choose € > 0 such that |ka(0)| >24¢€>|c|.
Then applying the first part of Exercise 14.11 repeatedly to z = fck (0) and
its iterates under f;, gives |ff+” 0] = |fC"(ff oy =a+ e)”|ff )] —
0o, s0c ¢ M.

On the other hand, if ¢ ¢ M then |ka 0)] — o0, s0 |ka (0)| > 2 for some k.

14.13 Let f(z) =z> +cz, so f'(z) =3z>+c. The fixed points of f are
0,++/1—c, with f/(0) =0, f'(£+/1 —c) =3 —2c. Hence, provided
lc] <1, 0 is an attractive fixed point of f. But the Julia set of a polyno-
mial f is a closed curve precisely when f has an attractive fixed point,
see note before Theorem 14.16 (a proof along the lines of Theorem 14.16
works when this is the case).
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14.14 The solution is similar to the proof of Theorem 14.15. Let |c| > V2.
Let C be the circle |z] = |c| and let D be its interior |z]| < [c|. If we
define S|, S, S3 : D — D to be the branches of f’l(z) = (z — ¢)'/3, then
Sl(lD)’ S>(D) and S3(D) are the interiors of the three loops of the curve
o).

We now let V be the disc {z:|z|] < |2¢|!/?} so that V just con-
tains f_l(D). Note that, if |c| > ﬁ, then V ¢ D and so the sets
S1(V), $2(V), S3(V) are all in V and the sets S;(V), S2(V), S3(V) are
disjoint. For i = 1, 2, 3, we have

1
|S/(2)| = §|z—c|*2/3

and so, if z €V,
1 1/3y-2/3 / 1 1/3y-2/3
§(|C| +12¢7/7) =15@| = g(ICI — [2c]7) 7.
It now follows from a complex mean-value theorem that

1 -2/3 S; - S; 1
Z <|c| + |20|1/3) < M < —(lc| - |2c|1/3)*2/3,
3 lz1 — z2] 3

fori =1,2,3and z;, 220 € V.

If |c| > 2 (for example), then the upper bound is less than 1 and so Sj, S»
and S3 are contractions on the disc V. It follows from Theorem 9.1 that
there is a unique attractor F' C V satisfying

SI(F)U S$2(F)U S3(F) = F.

It follows from Propositions 9.6 and 9.7 that lower and upper bounds for
dimg F are provided by the solutions of

] _ S
3 (§<|c| +2¢]'73) 2/3) =1,

that is, by

log3
s = .
log3 + (2/3) log(lc| £ |2¢|'/3)

So, when |c| is large,
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It remains to show that F = J(f). If |c| > V2 and |z| ¢V, ie. |z| >
[2¢|'/3 then

1 1 1
= 3 > 3 — > 3 —_ = 3 = — 3 = — 2
lf@ =lz" +c|l = |z]” = |c] = |z] 2|Z| 2|Z| |Z|2|Z|

1
> |z|5|2c|2/3 = Alz|

where & = 3|2¢>3 > 1|2|2/32|'/3 = 1. Iterating, it follows that | f* (z)| >
Xklzl — 00,80z & J(f). Thus J(f) C K(f) C V. It follows from Propo-
sitions 14.2 and 14.3 that J (f) is the non-empty compact subset of V satisfy-

ing J(f) = fHI(f)). thatis, J(f) = S1(J(f)) U S2(J () U S3(J ()
and so J(f) = F as claimed.

If f.(z) = 2> + ¢, then the fixed points of f. are the solutions of Z4c=
z. Since f/(z) = 2z, we see that z = re'? is an attractive fixed point of f.
ifandonlyif 0 <r < 1/2,0<6 < 27 and

c=z—-7°= z2(1—2) = rei9(1 — reie).

Thus f. has an attractive fixed point precisely when c lies inside the main
cardioid of the Mandelbrot set.

Since f.(z) =z*+c and f2(z) = fo(fc(z)), we have
2@ —z=@E+)+c—z
=422 -7+ +c
=@ —-z4+)@ +z+c+1).

Now z is a periodic point of f, of period 2 if and only if f2(z) = z and
f.(z) # z. Thus we are looking for the solutions of f2(z) — z = 0 which
are not solutions of f.(z) —z = z2 — z+ ¢ = 0. In other words, we are
interested in the solutions of z> 4+ z + ¢ + 1 = 0. By the chain rule

(f2 @) = fIfe@) flz) = 2% + )22
and so z is an attractive fixed point of fc2 if and only if
(2+c)zl <1/4and 22 +z+c+1=0.

Using the second of these conditions to rewrite the first, we find that fc2
has an attractive fixed point if and only if

(2 +0)zl =1z + Dzl = |22 +zl = lc+ 1] < 1/4.

Thus fc2 has an attractive fixed point precisely when ¢ belongs to the main
bud of the Mandelbrot set; this is the region labelled 2 in Figure 14.8.
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14.17

14.18

Assume, for a contradiction, that ¢ is not in the basin of attraction A(w)
of the (finite) attractive fixed point w of f.. Let U be an open disc with
w e U C A(w). Then ff(c) ¢ U forall k =0,1,2,.... Thus for each k
we may select a branch of the inverse fc_k on U to be a continuous analytic
function with f%(w) = w. If z € £7%(U) then f¥(z) e U C A(w), so
z € A(w); thus fc_k(U) C A(w) for all k. Since A(w) is a bounded subset
of C, Montel’s theorem implies that { fc_k},fio is a normal family on U.
However, since w is a repelling fixed point of fc’l, no subsequence of
fc’k(z) can be uniformly convergent to an analytic function near w (since
(f75 () = (£ (w))* — oo by the chain rule), so { £} cannot
be normal by the definition of a normal family. We conclude that ¢ must
be in the basin of attraction A(w) of w.

Since ¢ cannot be in the basin of attraction of more than one point, it
follows that f. has at most one (finite) attractive fixed point.

Now let f be any polynomial on C and let A(w) be the basin of attraction
of some (finite) attractive fixed point w of f. Assume, for a contradiction,
that ¢ ¢ A(w) for all ¢ € C such that f/(c) = 0. Let U be an open disc with
w e U C A(w). Then fk(c) ¢ Uforallk =0,1,2,... and all ¢ such that
f'(c) = 0. This enables us to choose, for each k, a branch of the inverse
f~% on U that is a continuous analytic function with f~f(w) = w. If
z € f7KW) then f*(z) e U C A(w), so z € A(w); thus f%(U) C A(w)
for all k. Since A(w) is a bounded subset of C, Montel’s theorem implies
that {f % } i is a normal family on U. However, since w is a repelling
fixed point of f~!, no subsequence of f¥(z) can have a subsequence
uniformly convergent to an analytic function near w , so { f _k}l‘:‘;o cannot
be normal by the definition of a normal family. We conclude that ¢ € A(w)
for some ¢ with f/(c) = 0.

Let f(z) = az® + bz + d with a # 0. Then f? is a polynomial of order
2P, Suppose that f? has an attractive fixed point w. By Exercise 14.17,
the basin of attraction A(w) of w under iteration of f” contains a point
c such that

0=(f"'()=f©Of (f©)...f(fP ()
= Qac +b)QRaf () +b) ... afP () + b)

using the chain rule. It follows that for some 0 <r < p — 1 we have
0 =2af"(c) + b, that is f"(c) = —b/2a for some ¢ in A(w).

If f has an attractive periodic orbit of order p then f? has some attractive
fixed point w, so —b/2a is attracted to this periodic orbit under itera-
tion of f. We conclude that there can be at most one attractive periodic
orbit.
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Chapter 15

15.1

15.2

15.3

This is a particular case of the random Cantor set described in Section 15.1.
In this case

—_—

Ci=C = 3 with probability
1

N = N =

Ci=C = 5 with probability

By Theorem 15.1, the Hausdorff dimension is given by the solution s of
the expectation equation

1 1
1=EC]+C) = 5(3‘3 +37%) + 5(6‘5 +65H)=37"4+6"°,

giving s = 0.4895. ...

This is a particular case of the random construction considered in Theorem
15.2. Since the number of segments at least doubles at each step, the proba-
bility of extinction occurring in the construction is 0. Writing Cy, C», C3, C4
for the length ratios of each of the four subsegments at each step, we have

1
Cl=C=C=Ci=3 with probability

D= N =

1
Ci=Cy4 = 3 and C» = C3 =0  with probability

By Theorem 15.2, the Hausdorff dimension is given by the solution s of
the expectation equation

4

1 —S 1 —S —S

1=E(Zc;):§(4x3 )+ 2x37)=3x37".
i=1

Thus s = 1.

Let E( be the (closed) parallelogram with vertices (0, 0), (1/2, V3 /6), (1, 0)
and (1/2, —+/3/6), so that Ey has diameter 1. Let F be any ‘random’
von Koch curve constructed by substituting an upwards or downwards
figure at each stage. Let E; be the set consisting of 4 similar parallel-
ograms of diameter 3~! with axes on the 4 segments of the first stage
of the construction of F; all these parallelograms are contained in Ej.
Let E, be the set consisting of similar parallelograms of diameter 32
with axes on the 4% segments of the second stage of the construction of
F, each contained in a parallelogram of E{, and so on. Thus E} con-
sists of 4% parallelograms of diameters 37 with disjoint interiors, each
contained in a parallelogram of Ex_;. Then F = (\;—, Ex. By Proposition
4.1, dimgF < dimpF < limg_, oo log 4%/ —log 3% =log4/log 3.
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15.4

15.5

For the lower bound, let u be the mass distribution obtained by repeated
subdivision so that u(P) = 4% for each parallelogram P of Ej. Then if
|U| < 1, and k is the integer such that 27137%=1 < |U| < 27137% it is
easy to see from the geometry of the parallelograms that U intersects at
most 6 parallelograms of Ej. Thus

w(U) <6 x 4% = 6 x 37Klog4/log3 — ¢ (g|y|)log4/1og3

so it follows from the Mass distribution principle 4.2 that dimg F > log4/
log 3.

This fits into the context of Theorem 15.2. The expected number of sub-
triangles at each stage of the construction is 3p, so extinction of the
construction, leading to the empty set, will occur if and only if 3p <1,
that is if and only if p < 1/3.

If p > 1/3, we have P(N = j) = ( j >p-i(1 — p)>7/, and by the bino-

mial theorem, equation (15.8) becomes (tp + (1 — p))3 = t. By Theorem
15.2 the smallest positive solution ¢ of this cubic equation gives the prob-
ability that F is empty.

To find the dimension of F when it is non-empty, write C1, C2, C3 for the
ratios of the three similarities, so that C; = % with probability p and C; =0
with probability 1 — p, independently for i = 1,2, 3. Thus by (15.9), the
Hausdorff dimension is given by the solution s of the expectation equation

3
1=E (Z c;‘) =3(p2~  + (1 — p)0) =3p2~~.

i=1
Taking logarithms gives dimgF = s = log3p/log?2.

Let v be a vertex of a triangle T of the kth stage of the construction of the
standard Sierpinski triangle. We claim that in the random Sierpinski triangle
F, with probability 1 the set F N T does not contain some neighbourhood
of v. To see this, let T D Ty41 D Tx42 D ... be the nested triangles at
the subsequent stages of the standard Sierpiniski triangle construction that
contain the vertex v. There is a probability p that each of these triangles is
retained in the random construction, so the probability that Ty 1, ... , Tkyn
are all retained is p". Using continuity of probabilities, since p” — 0 as
n — 0o, the probability that all the triangles Ty, Tk42, ... are retained is
0. Thus with probability 1, one of the triangles Tj1, Tx42, . .. is removed,
so (FNT) C (T\Tyy,) for some n.

Since there are countably many triangle vertices in the Sierpiriski triangle
construction, with probability 1 the complement of F contains a neighbour-
hood of every one of these vertices. Thus, if x, y € F, let T be a triangle of
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the standard Sierpiniski triangle construction with x € 7 and y ¢ T. There
is a neighbourhood of each of the three vertices of T that is not in F, and
these neighbourhoods disconnect x from the parts of F outside 7, so x and
y are in different components of F.

Since the set F may be covered with either a single unit interval, or the
aggregate of coverings of F' N I} and F N I, we have that

H3o(F) < min{1, H3,(F 0 1) + Hi(F N 1))

H (Fud) s Hao (Fnl2)

1 2

’

Since HZ, (Fy11)/C} and H, (F,12)/C; are independent realizations of
‘Hl,(F) and independent of {Cy, C>},

E(HL (F)) < E(CTHL (F) + C3HL (F))
< E(C} + CE(H(F)) = E(HE,(F)).

Thus equality holds, so since the terms are finite, either E(HS (F)) = 0, or
HE(F) = C{(H, (Fu11)/ CY) + C5(HE, (Ful2)/ C3) almost surely. In the
latter case

esssupHy, (F) = esssup(Cy + C3)esssupHy (F).

Hence either esssup(Cj + C3) = 1, which would imply that C{ + C3 =1
almost surely, since E(C] + C35) = 1, or else HZ (F) =0 almost surely.
If HS (F) =0 then given é > 0, by scaling, if |I;; ;| < b* < § then
H5(F N 1. i) =0, so by taking unions of such basic intervals H3(F) =
0. Letting § — 0 we conclude that H*(F) = 0.

Writing Cy j = |1, iy, jl/11i we have that

..... ix>

.....

E (x,f+1|fk) - E(( 3 |I|‘Y)2|j’-‘k>

T€Ey11

2
E(( SOUFC, + C;gz))

I€E;

)

E( S UFUPC ) +C(Chy +C )
I#J€eEy

+ Y P+ c;,2>2|fk)
IeEy



Solutions to Exercises 93

15.8

= 3 urur+ Y nPE(c +e3?)

I1#J€eEy I1€Ey
2
s(ZHO+ﬂZNW=ﬁ+aZuW
I€Ey I€Ey I€Ey

where a = E((C] + C;)z) and we have used (15.2). Taking unconditional
expectations, we get

B ) < EGD + "E< > |1|25> — E(XD) + a(E(CP + C)F
IeEy

= EXD) +ayk,

where y = E(C 125 + szs ) < 1, using (15.3) repeatedly. Applying this (k —
1) times,

EXD <EXD +al + 77+ + 7)) <EXD +ay/(L—y)
for all k. Thus X,% is an £ bounded martingale.

Fix p > po, and let r > 0 be the probability that the random fractal F),
constructed by the percolation process is non-empty and therefore, with the
same probability, contains a non-trivial connected component. Let / be a
square that is retained at some kth level of the 3 x 3 fractal percolation
construction. There is a probability p(1 — p)® that at the (k + 1)th stage
of the construction the middle (k + 1)th level subsquare of I is selected
and the other 8 sub-squares are removed, and by self-similarity there is
a probability of r that this middle square intersects F) in a non-trivial
connected component. Thus there is a probability at least s = rp(1 — p)®
that a square I retained at the kth level contains a non-trivial connected
component of F), that does not extend outside /.

Given € > 0 and a probability s, the laws of large numbers imply that
there is an integer Ng such that, if N > Ny, in N independent trials each
with probability s of success, there is a probability of at least 1 — € that
at least Ns/2 of the trials will be successful. Thus, suppose that, for some
k there are at least N squares in Ej. There is a probability of at least
s that, independently, each of these squares contains a distinct non-trivial
connected component, so there is a probability of at least 1 — € that at least
Ns/2 of these squares contain a non-trivial connected component.

Finally, with r the probability of F, being non-empty, given € > 0 and N,
there is an integer k such that with probability at least r — € the kth level
stage of the construction, Ej, contains at least N squares. (This follows
from extinction properties of branching processes.) Thus, given € > 0 there
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is a probability of at least (r — €)(1 — €) > r — 2¢ that F, contains at least
Ns/2 distinct connected components. Since this is true for all € > 0 and
N > Ny, the random set F), contains infinitely many distinct connected
components with probability r.

Chapter 16

16.1

16.2

Let N5(X[O0, 1]) denote the (random) least number of sets of diameter & that
can cover the Brownian trail X[0, 1]. Then for each n, since the Brownian
trails X[(i — 1)27",i27 "] fori =1, 2, ..., 2" have the same distribution
as X[0, 1] but under a similarity scaling by a factor 27"/, we conclude
that Ny-n2 (X[ — 1)27",i27"]) has the same statistical distribution as
N1(X]O0, 1]). In particular, taking expectations,

E(Ny-np (X[G — D277, i27"])) = E(V1(X[0, 1)),
so taking the aggregate of such coverings,
E(N,-n2(X[0, 11)) < 2"E(N1 (X0, 11)).
Thus, for all € > 0, we have
EQ™"* Ny (XT0, 1) < 27"EVI(X[O, 1])).

Summing,

E (Z 27O N0 (X0, 1])) < Y 27E(NI(X[0, 1])) < o0,

n=1 n=1

Thus, with probability 1, > °°, 27"+ N, _, »(X[0, 1]) < oo, implying
that for some random number C we have N,—.2(X[0,1]) < C 2n(l+e) for
all n, and so by Proposition 4.1 that dimp X[0, 1] < 2(1 +¢) forall € > 0.
We conclude that dimg X[0, 1] < 2.

This is a variation on the proof of Theorem 16.2. Consider Brownian
motion X : [0, 1] — R3. Let 0 < A < 1/2. By an obvious modification of
Proposition 16.1, there is with probability 1 a (random) number B such
that

IX(®) = X )| < Blt —ul* (t,u €0, 1]),

so by Proposition 2.3 dimg X (F) < (1/)\)dimygF = log2/Alog3. This is
true for all 0 < A < 1/2, so dimgX (F) < 2log2/log3 =log4/log3.

For the lower bound, we define a measure by transferring Hausdorff mea-
sure on the Cantor set F' to the trail. With ¢ = log2/log 3, define a random
measure @ on X (F) by w(A) =H{t:t € F and X(¢t) € A} for A C R3.
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16.3

16.4

16.5

Thus for a function g on R? we have [ g(x)du(x) = [ 8(X(0)dHI(1).
Then for s < 2log2/log3

E( / |x—y|‘“du(x>du(y>)=£< /F /F |X(r>—X<u>|—Sdrdu)

=/ / E(X () — X (u)|~*)dtdu
FJF

=c1//|t—u|7s/2dtdu<oo
FJF

using Exercise 4.11, with ¢; as in (16.8). It follows from Theorem
4.13(a) that dimgX (F) > s for all s <?2log2/log3, so dimgX(F) >
2log2/log3 = log4/log 3.

If X is index-« fractional Brownian motion, we get, in a similar way, that
dimg X (F) = log2/alog3, using that, with probability 1, X satisfies a
Holder condition of index A for all 0 < A < « (Proposition 16.6). For the
lower bound we replace (16.8) by E(| X (t + h) — X (¢)|™%) = c1h—5*.

The approach here is similar to that in Theorem 16.3. Suppose, for a con-
tradiction, that X[0, 11N F = @ with probability 1. Using the isotropy and
scaling of Brownian trails in R3, it follows that for every similarity o, the
probability that o (X[0, 1]) N F = @ is also 1. By Fubini’s theorem, with
probability 1 we have that o (X[0, 1]) N F = @ for almost all similari-
ties o. But with, probability 1, dimgX[O0, 1] = 2, so since dimgX[0, 1] +
dimgF —3 >2+1—3 =0, this contradicts Theorem 8.2(a). We con-
clude that X0, 1] intersects F' with positive probability.

The easiest way to see this is to note that the affine transforma-
tion f :R?> — R? given by f(r,u) = (t,u + ct) is bi-Lipschitz (since

the matrix ( i (]) ) is invertible). Then f(graphX(¢)) = graph(X(¢) +

ct), so dimy(graph(X (¢) + ct)) = dimg(graphX (7)) = 1% almost surely,
using Corollary 2.4 and Theorem 16.4.

Let t=f<t;]<...<t,=u. Then X(ti_1) < X(t;) with probabil-
ity %, independently for i =1,2,...,n. Hence the probability that
X(ti—1) < X() for all i =1,2,...,n is 27" and similarly the prob-
ability that X(t;—1) > X(t;) for all i =1,2,...,n is 27". If X(¢) is
monotonic on [f,u] then one of these possibilities must occur, so
P(X(¢) is monotonic on [¢,u]) <2 x 27". This is true for all positive
integers n, so P(X(¢) is monotonic on [z, u]) = 0.

Since there are countably many rational numbers, there are countably
many ‘rational intervals’, i.e. intervals with rational endpoints. Since a
countable union of events each of probability O has probability 0, we
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conclude that P(X(¢) is monotonic on some rational interval = 0. Since
every non-degenerate interval contains a rational interval, this implies that
P(X (#) is monotonic on some interval = 0.

First we show that there is a number y > 0 such that, given X[O0, 1], the
probability that X () = O for some ¢ > 1 is at least y, i.e.

P(X(#) =0 forsomet > 1|X(#) (0 <t <1)) > y. (1)

To see this, suppose that X (1) = —M < 0. Then, conditional on this, using
(16.2),

P(X(t) =0 for some t > 1) > P(X(1 + M*) — X(1) > M)
1 00 —X2 J
NG /M P 2M2) ¥
1 2M
> M\/E/ exp(—2)dx
M
_ exp(—2) _
B 21 =

with similar estimates if X (1) = M > 0. In particular, it follows from (1)
that
P(X() =0 for some r > 1|X(t) #0(0 <t < 1)) > y.

Now set p = P(X (t) = 0 for some 0 < ¢ < 1). By statistical self-similarity
of Brownian motion, for every N > 0,

p=P(X(@) =0 for some 0 <t < N}, (2)

so taking a union over all positive integers N, and noting that these are
decreasing events (i.e.if N < Ny and X (¢) # 0for0 < ¢t < N, then X (¢) #
0 for 0 < ¢t < Np), we conclude that p = P(X () = 0 for some 7 > 0). But

p =P(X () =0 for some t > 0)
>P(X@#) =0forsome 0 <t <1)
+P(X(t) #0for0 <t <1 and
X (t) =0 for some ¢ > 1)
=p+PX@# =0forsomer>1|X(#)#A00 <t =<1))
x P(X(t) £0(0 <t < 1))
>p+yd—-p

using the definition of conditional probability (1.15). Thus p > p + y (1 —
p) which requires 1 — p =0, that is p = 1. Thus with probability 1,
X (t) =0 for some ¢t > 0.
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16.7

16.8

16.9

By (2), with probability 1, X(#) =0 for some 0 < < 1/n, for all n =
1,2, ....This can only happen if X (#) = 0 infinitely often in every interval
(0, a) with a > 0.

Let X be Brownian motion. As in (16.4), with & > 0,
() =PO<X(t+h)— X)) <r) = —— / (—_xz)d
r) = — r) = €X X.
b o o 2mh Jo P 2h
Thus

EqX@t+h) —X@®)|9) = Z/OOr‘fdp(r)
0

2 o0 _r2
=— riexp| — |dr
2mh /0 ( 2h )

2 /200 —I/l2
— = pe Texp (L) du,
e [ren(2)o

= chi/?

on substituting u = r/~/h, as required.

Let A > «. Suppose that, for a given ¢ and b, there almost surely exists
Hy such that

|X(t +h) — X(t)| < b|h|* for all |h| < Hy. (1)

Then, by Egoroff’s theorem, there exists #g > O such that with probability
at least 1/2 we have |X(t +h) — X (¢)| < b|h|* for all |h| < hy.

On the other hand, from (16.10), we have

2 blh|* —u?
PUX (@t +h) = X(0)] < blhl") = Elhl‘“/o P (2|h—|2q> du

’ bl
< —|h|*°‘/ 1du
T V2 0

2
= ——=b|h|""*,
2

so by taking / sufficiently small we get a contradiction.

We conclude that for all 7, with probability 1 there is no number Hy such
that (1) holds. Thus, by Fubini’s theorem, with probability 1, there is, for
almost all 7, no Hy such that (1) holds.

Write X () = (X1(¢), X»2(¢)), where X| and X, are independent index-o/
and index-a» fractional Brownian motions, with 1/2 < «a; <oy < 1. To
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get an upper bound for the dimension of X[0, 1] we use the Holder esti-
mate of Proposition 16.6. Thus, given € > 0, there are, with probability 1,
(random) constants 0 < B, By < oo such that for 7, u € [0, 1]

IX1(1) — X1(u)| < Byt —ul|*'™¢,
|X2(1) — X2 (u)| < Bt — u|**™¢.

Thus, for k=1,2,..., if |t —u| < 27k then X|[t, u] is contained in a
rectangle with sides B127%@1=¢) and B,27%®2~¢) Dividing this rectan-
gle into approximate squares of sides at most B2 %(@=€) the rectan-
gle, and thus X[z, u], may be covered by 2B12_k(°‘1_5)/B22_k(°‘2_6) =
(2B1/B»)2K@=2) sets of diameter at most 2B,27%(®2~€) provided k is
sufficiently large. Thus, dividing the interval [0, 1] into 2* subintervals of
length 27%, the trail X[0, 1] may be covered by (2B)/By)2K(I+e2—a1) getg
of diameter at most 2B,2(®=€) Tt follows by Proposition 4.1 that

log((2B1/By)2t(Ite2—a1))

dimg X[0, 1] < dimgX[0, 1] < kli)rgo ~ log(2By2 K9
_ 140y — o
T ap—e

for all € > 0, so dimygX[0, 1] < (1 +ap — a1)/an.

For the lower bound we use the potential theoretic method. We need to esti-
mate the integral E((IX1(r +h) — X1 (> + | X2(r + h) = X2()[)™*/?),
so we first consider the X| part. Write
p(r)=PO = X1t +h) —Xi(t) <r)
. 1
T pa (2m)1/2

by (16.10). For fixed y,

/r exp(—x2/2h**")dx, (1)
0

E(1X1(t + h)—=X1(0) > + yH™/?)
_) / 4y dp(r)
0
=ch™™ /Oo(r2 + yz)ﬂ/2 exp(—r2/2h2°“)dr
0

o0
= c/ W?h* + y2) =52 exp(—u?/2)du
0

]

v/
< c/ y S exp(—u®/2)du + c/ (uh®") ™5 exp(—u®/2)du
0 y/hl
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y/ho‘l [ele]
< c/ y Sdu + C/ wh®"YSdu
0 y/h*1
< Clyl—sh—ou
where ¢, ¢; do not depend on /&, and we have substituted u = r/h*!.

Using the analogue of (1) for index-a, fractional Brownian motion, we
get in a similar way,

E(1X1(t +h) — X1(0)* + [ X2t +h) — X2(0)|) /%)
= E((c11Xa(t +h) — X2(0)|'*h7o)

o0
= czh_“zfo yl_“h_“‘ exp(—y2/2h2°‘2)dy

o0
= cph~ (=9 / u' =% exp(—u?/2)du
0
— C3h—(xl+(1—s)ot2
where we have substituted u = y/h%2.

Define a random measure on X[0,1] by wu(A)=L{r:0<t<
1 and X (1) € A}, so that for f :R> — R, [ fdu = [;j f(X(t))dt. Then

E (f lx — Y|_de(x)dM()’)>

1,1
=F (/0 /(; (X1(2) — X1 ()? + | X206) — Xo) D)~/ dt du)

1 1
= /(; /0 E((|X1(f) — Xl(u)|2 +1X2(t) — X2(“)|2)7S/2))dt du

1,1
< f / c3lt — |t A=0e g gy,
0o Jo

This is finite if —a; 4+ (1 — s)ap > —1, that is if s < (¢p — a1 + 1)/3.
Thus if s < (a2 — a1 + 1) /ey then almost surely the trail X[0, 1] supports
a measure u with finite s-energy, so by Proposition 4.13, dimgX[0, 1] <
(g — o) + 1)/ almost surely.

16.10 We take as our starting point that for index-« fractional Brownian motion
E(X(1)?) = || and E((X (t) — X (u))?) = |t — u|**. Expanding the latter,

It — ul® = E(X(1)%) + E(X )*) — 2E(X (1) X (1))
= [ + [u]® — 2E(X (1) X (u))
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SO
2E(X ()X (w) = 112 + [u* — |t — ul.

Thus
2E((X (1) — X (0))(X (1 + h) — X (1)))
=2EX )X +h) —EXO)X(1 +h) —EXOXO)+EX0)X 1))
= (|1 4 |t + 2> — [h]**) =0 — Q2[t1**) + 0
= |t 4+ h|* — |t — |n,

giving
1
E(X () = XO)(X (@ + 1) = X)) = 5t + B2 — 122 — |h*).

For ¢, h # 0, we have, by elementary calculus, that if % <o < 1then |t +
B2 > 1122 4 |h)?*, so E(X (1) — X (0))(X (t + h) — X (¢))) > 0, and the
increments X (1) — X(0) and X (r + h) — X (¢) are positively correlated.
Thus if the sample path has increased after a certain time, there is a
tendency for it to continue to increase, and if it has decreased there is a
tendency for it to decrease further.

Similarly, if 0 <o <% then |+ h[* < |t]** +|h|*, so E(X(t) —
X@O0)(X(t+h)— X)) <0, and the increments X () — X(0) and
X (t + h) — X(t) are negatively correlated. Thus if the sample path has
increased after a certain time, there is a tendency for it to decrease.

Chapter 17

17.1

17.2

The Legendre transform is inf,{e™? + go}. Writing g(q) = e + ga we
have

d d?
—g:—e7q+(x’ _g=€*q7
dq dq*
so g takes a minimum at ¢ = — log @, so the Legendre transform is ¢/ —

aloga = (1l — logw).

If x e sptye; then po(B(x, r)) = 01is r is small enough, since the supports
of w1 and p, are disjoint, so v(B(x,r) = w1 (B(x,r)) for small r, giv-
ing dimjocv(x) = dimjeepe1 (x). Similarly, if x € sptuy then dimpcv(x) =
dimjgc e (x). Thus

{x s dimjeev(x) = o} = {x : dimppept1 (x) = o} U {x @ dimjocpn(x) = a}.

We get the fine spectra by taking the Hausdorff dimensions of these
sets, SO

fiy(@) = max{ fik(@), fi(@)}.
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17.3

17.4

17.5

Taking @1 and uy to be self-similar measures, such that fPlI and sz are
different concave functions with graphs that cross, f{j will fail to be a
convex function.

Suppose that blx —y| < |g(x) —g(y)| <c|x —y| where 0<b <c.
Then for x € R" we have g(B(x,r/c)) C B(g(x),r) C g(B(x, r/b)),
or B(x,r/c) C g " (B(g(x),r)) C B(x, r/b). Thus w(B(x,r/c)) <
v(B(g(x),r)) < u(B(x,r/b)). Taking logarithms, for small enough r.

log u(B(x,r/c)) - logv(B(g(x), r)) - log u(B(x, r/b))
logr/c +logc — log r ~ logr/b+logh ’

so letting r — 0, we get dimjocu(x) > dimyecv(g(x)) > dimypept(x)
assuming these limits exist, so dimecv(g(x)) = dimygepe(x).

It follows that for all o

glx s dimpepe(x) = a} = {y : dimpcv(y) = a};

since g is bi-Lipschitz the sets {x : dimjoc it (x) = ¢} and {y : dimcv(y) =
o} have the same dimension, that is the fine (Hausdorff) multifractal spec-
tra for o and v are identical.

We have
q..B(q) Bq) _

1= plr’'? + pird'" = (pl + pha=F @,
Taking logarithms,

1 ‘1+ q

log4
For each ¢,
L 98 _ pilogpi+pylogp
dgq (p! + p3)log4

SO

dp q(p{log p1 + pllog p) log(p] + pi)

fl@)=—qg—+B(q) =— R— :
dq (py + p;)log4 log4

First, take » = 4. With the intervals I;,,... i, in the construction of the
middle half Cantor F set indexed in the usual way, see (17.22), we get
from (17.6):

My(q)= Y iy i)=Y pl...pl=pl+pD"
j j i1,k

i1y ik
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Now suppose that 47 ¥~! < r < 47K Then each mesh interval of length r
intersects at most one of the k-th level component intervals /;, . ; of F,
and each [;, . ; intersects at most 3 mesh intervals of length r. Thus

_ 1 g
3790l + P = ) <§u(li1,m,ik)) < M,(q)

U]seeslk

<3 > uliy. i) =30 + D~
i1,k

yeee

Hence

log371(p{ + p})" _ logM,(q) _ log3(p{ + p)*
—logd=k=1 = —logr —  —log4k

or

—qlog3 +klog(pf + p7) _ logM,(q) _ log3+klog(p{ + p3)
(k+ 1) log4 - —logr ~ klog4 '

log M,
Letting r — 0, so k — oo, and (17.7) gives B(g) = lim og M,(q)
r—0 —logr

_ log(p{ + p3)
N logd

17.6 By (17.26), p’f(%)_ﬂ + pg(%)_ﬁ = 1. This is a quadratic equation
in x= ()P, that is pix®+ pfx —1=0. Thus x = (—=p? + (p}? +
4pI)1/2)/2pd (taking the positive solution since x > 0). Hence

2
logx _ log(2p3) —log((p;? +4p?)'/%) — pi)
log2 log2 '

17.7 From (17.13)

log(p! + pd) —log(p; "+ p; ")
log 3

B(q) — B(—q) =

_log p{pl(py "+ py?) —log(p; ! 4+ p; 7
log 3

_logp{p]  qlog(pipr)

log3 log 3
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Thus
I
f(@) = inflp(q) +qa) = inf{ﬂ(_q) ny (a . M)}
1 a log3
- inf{,s(q) _yq (a " M)}
a log3

_ . log(pip2)
_f( ¥ Tog3 >

17.8 Since p; < po,

log(p{ + p3) _ log pi(1 + (p1/p2)9)

B(g) =

log 3 N log 3
__qlog py +log(1 + (p1/p2)?)
B log3
lo 2
= LD opi/pyn = L T2 o)
og3 lo

as ¢ — oo. Similarly

q log p1

B(g) = log 3

+o(1)

as ¢ — —oo.

Thus if the B curve approaches the line B =aq +b as g - 0o, a =
log p>/log3 and b = 0. Thus B = ¢q log p»/log3 is the asymptote as ¢ —
oo, and similarly 8 = g log p1/log3 is the asymptote as ¢ — —oo, both
of these lines passing through the origin.

The slopes of the asymptotes give the extreme values of «, so
Omin = — log p>/log3 and am,x = — log p1/log 3. Moreover, f(omin) =
S (amax) = 0, since these values are given by the intercepts of the asymp-
totes with the vertical axis.

179 From (17.34) df/da =gq, so d*>f/da’*=dq/da =1/(da/dq) =
1/(—d*B/dq?*) < 0, since B(q) is convex, using that « = —df/dq.

17.10 Clearly, 8(1) = 0. For 0 < g < 1, we have, by Holder’s inequality, that
1—q
-
i=1

Since Y1, pir! P4 — 1, we have B(q) < 1—q.
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For ¢ > 1, by Holder’s inequality

m m
1- -1
1 = Zpi — Z(piri( q)/q)(rl_(q )/q)
i=1

i=1

m Vg /m (g=1/q
1—
(o) (Zn)
i=1

i=1

IA

Hence 1 < ) /L, p?ril_q, so B(g) > 1—gq.

Note that for all x € R2 and r >0 we have proj(B(x, r)) =
By (projx, r), so

(projit) (By (projx, r)) = u{y € R? : projy € By (projx,r)} > uw(B(x,r)).

Thus
—  log((proju)(BL(projx,r))) ——  logu(B(x,r))
lim, <lim,_,o———F——.
logr logr
Take € > 0. Let Oy denote those kth level sequences i = (i1, ... ,ix) € Iy

such that () < |L|“"€ . For g < O:

DR < NP < Y I )

icQy i€cQy i€’y

= Z (Cilciz---cik)ﬂ(phpiz---pik)q
[N

m k
- (St =1
i=1

using a multinomial expansion and (17.26).

For each integer K, write
FO{( ={xeF:ulli(x) < |I(x)|* € for all k > K},

where [;(x) is the kth level interval containing x. Then for all
k> K, the set FK C Uier L, so kaJrq(a_e)(FK) <1, since for
a kth level interval, |[;]| < ck where ¢ =maxXi<j<m ¢;. Letting k —
oo gives HATI@=)(FK) < 1, so that dimy(FX) < B+ q(a —€). But
Fy c U%_; FX, since if log uu(Ix(x))/ log | It (x)| — o then w(Ix(x)) <
[ I (x)|*~€ for all k sufficiently large. Thus dimy(Fy) < 8 + g(a — €) for
all € > 0, giving dimyg(Fy) < 8 + qa.
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17.13 In the partial proof of Theorem 17.4, if we set

FK = {x e F: u(Ix(x)) > |I(x)|*T€ for some k > K}
then, as before, dimyg (J%_; FX < B+ q(a+e¢). But

o0
S={xeF: lim logu(lx(x))/log|lx(x)| <a} C U FK,
k— 00 K1

so dimgS < B+ g(x 4+ ¢€) for all € > 0, so dimyS < B + ga.

Chapter 18

18.1

18.2

18.3

From the way that densities of s-dimensional sets behave, see Chapter 5,
we might heuristically expect that w(B(0, r)) ~ cr® where p is the mass
of the deposit and ¢ is a constant. Thus the number of shaded squares k
might be considered proportional to this mass ~ c1r*, so r ~ c2k!/.

Again arguing heuristically, a rate of mass deposition proportional to r(t)
implies that

m
— =cr(t) ~ com'/*

dt

d
using m(t) ~ cr(t)*. Thus, m’l/S—T ~ ¢p, so solving this differential

equation with m(0) = 0 gives m!=Vs ~ cot, so m(t) ~ c 1t/ and by
Exercise 18.1, r(t) ~ com(t)/s ~ ¢1/(1=9)

We may express u(y, t + h) in terms of u(y, t) by

x —y)?

1 _
u(y,t+h) = 2h exp( (2h >u(x,t)dx.

Differentiating with respect to h

— —v)2 _v)2 1

Now, with x = (x1, x2) and y = (y1, y2), differentiating with respect to y;
gives

0 1 —(x — y)? P — Y
u =— [ exp 7@ Y) u(x,t) X i dx,
dy; 2mh 2h h

9%u 1 —(x—y)?* (i —y)? 1
— = [exp ——5 " Julxe, )| 5 — — | dx.
oy?  2mh 2h h2 h
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Thus
2 2u  9%u
Viu=-—5+-5
ayj 9y,
1 —(x — y)? (x—y?* 2
= 3 exp (T u(x,t) 3 n dx,
du 1_,
so — = =V-u.
oh 2
We first establish the identity
V2 (x)
dx = —4ny(y)
ly — x|

for a smooth (twice continuously differentiable, say) 1/ (x) that is zero for all
sufficiently large x. To see this, note that for small € > 0, since V>(1/1y —
x1) =0 for x # y,

2 2
/ Vi (x)dx :/ |:V v(x) _ Iﬁ(x)vz 1 i|dx
ly—x|>€ ly — x| ly—x|>e ly — x| ly — x|

Vi 1
= —/ |: - IZ’(X)V—] dn(x) (1)
ly—x|=€ ly — x| ly — x|

where n(x) denotes the outwards pointing unit normal at x on the sphere
|y — x| = €. Here we have used Green’s theorem for a region between a
sphere of radius € and a large sphere on which ¥ (x) = 0. Differentiating

1 (x—=y

with respect to each coordinate gives V, = 5~ Hence (1)
. ly — x| ly — x|
gives
V2 V2
1’[,(x)abc = lim/ I//(x)dx
|y — x| €=>0J|y—x|>e |y — x|
\V4 —
— _ lim Pi+wm@3”]@u)
e—0 ly—x|=e¢ € €
= —4ny(y), ()
since ¢ is continuous at y, and f\y—x\:e Vel dn(x) = O(e), and more-
over |y_xl:e(x — y).dn(x) = dmee?.
. . 3 F )
Now let f be continuous and integrable on R~ and let ¢ (x) = | dy.
—X

Let ¥/ (x) be any smooth function vanishing for all sufficiently large x. Using
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18.5

18.6

Green’s formula,

2
/wvqudx =/¢V2wdx =/ dedy

—1/4nfoow(w

using (2). Hence, f(V2¢ + 47 f)y =0 for all smooth  vanishing for
large x, so by an orthogonality argument, V>¢ + 47 f = 0, as required.

Assume that f(x) = 0 forx ¢ B(0, r). Using the Cauchy-Schwartz inequal-
ity and setting R = r + |x|, we have

fdy\?
¢uﬁ=(/
B, |x — I
dy
< / f)dy / —
B(O,r) BO,r) X — Yl
<c/ _ay
= Jo.r) lx—y?

R r2drde
=c 2 < 00,
feSJr=0 T

changing to polar coordinates, with S the unit sphere. Thus the singularity
set of x, that is x such that ¢ (x) = oo, is empty.

Let w = v x m be the measure on F = D x L where v is t-dimensional
Hausdorff measure restricted to a self-similar Cantor dust of dimension ¢
(satisfying the open set condition) and m is the restriction of 1-dimensional
Lebesgue measure to the line segment L. Then, as in Exercise 9.11, there
are constants cy,c; such that if x € D and r < 1/2, we have cjr! <
v(B(x,r)) < cpr'. Writing C(w, r) for the cylinder with axis L(w) parallel
to L, center w = (x,z) € D x L, radius r and height 2r, it follows that

clrt+1 = clrtr <v(B(x,r)) x m(L(w))

= u(C(w, r)) < cr'2r = 2¢or' ]
Since C(w, 27 "2r) ¢ B(w, r) C C(w, r), it follows that

2=C+D/2¢ 1+ < (B(w, 1)) < 2e0r !



108 Solutions to Exercises
With s =t 4 | and redefining ¢ and ¢, we are in the situation of Section
18.3, again with

/ (e(x)e(x + h)dh) ~ r®,
|h|<r

but this time with the dissipation occurs around the stratified set F.

18.7 For a von Koch curve of base length a, the resonant wavelengths are given
by the basic similarity sizes: a,37'/%2a,37'a, 373/? ... (remembering that
the von Koch curve comprises two similar copies at scale 3~!/2). Thus

the resonant frequencies are proportional to the reciprocals w, 32w, 3w,
332, ...

18.8 With BY index-« fractional Brownian motion, we have from (16.10)

r 2
p(r) = PO < Bt +1) — B*(t) < 1) = \/%h /0 P (ﬁ) .

In particular

E(B*(t +h) — B*D)|) = 2/00 ridp(r)
0

2 00 —I"2
= / r? exp ( ) dr
V2rhe Jo 22

00 2
= chi® / u? exp (Tu> du
0

EAX @ +h) — X0)|?) = E(IB*(T(t + h)) = BX(T 1))
=c|T@+h)—T@)|"”
= cipult, t + h]?* ~ BV

on setting u = r/h*. Thus

fort € E,.



